To the memory of my father

i

Zusammenfassung
Diese Arbeit stellt eine Multiskalenmethode für die Interaktion von Rissen in einem
Festkörper vor, basierend auf der Idee von L OEHNERT & B ELYTSCHKO (2007a). Die Motivation für dieses Thema besteht darin, dass in vielen Materialien Mikrorisse auftreten. Da
diese Mikrorisse das Rissfortschrittsverhalten eines Makrorisses stark beeinflussen, spielen
sie eine große Rolle bezüglich der allgemeinen Tragfähigkeit eines Materials. Da die Betrachtung von Mikrorissen jedoch eine sehr feine Netzauflösung erfordert, ist es aufgrund des
daraus resultierenden hohen numerischen Aufwands nicht sinnvoll, diese Art von Problemen
auf einer einzigen Skala zu behandeln. Angesichts dessen, dass Mikrorisse nur in der Nähe
der Makrorissfront berücksichtigt werden müssen, stellt eine Multiskalenmethode für diese
Art von Problemen eine elegante und effiziente Alternative dar.
Die vorgestellt Multiskalenmethode ist im Rahmen der dreidimensionalen ”eXtended Finite Element Method” (XFEM) implementiert. Die XFEM berücksichtigt Risse implizit,
indem bekannte Lösungseigenschaften in Form von anwendungsspezifischen Ansatzfunktionen und entsprechenden Freiheitsgraden einbezogen werden. Auf diese Weise wird der
standardmäßige Finite-Element-Ansatz erweitert, um seine Einschränkungen zu umgehen
und gleichzeitig seine Stärken zu nutzen.
Die Robustheit und Genauigkeit der XFEM wird durch spezielle Maßnahmen verbessert.
Die so genannte korrigierte XFEM, die in dieser Arbeit für den dreidimensionalen Fall entwickelt wird, dient als Abhilfe für das Problem, dass in Elementen, die sowohl angereicherte
als auch nicht angereicherte Knoten beinhalten, die Summe der Ansatzfunktionen nicht an
jeder Stelle Eins ist. Ein Netzregularisierungsverfahren sorgt dafür, dass von jedem XFEMElement ein hinreichend großer Volumenanteil abgeschnitten wird. So kann eine schlecht
konditionierte Koeffizientenmatrix aufgrund näherungsweiser linearer Abhängigkeit zwischen Standard- und Anreicherungsfreiheitsgraden verhindert werden, ohne dass die Rissgeometrie geändert werden muss. Dieses Verfahren wird durch eine besondere Vorgehensweise
bei der numerischen Integration von XFEM-Elementen ergänzt. Eine Formulierung für den
Kontakt von Rissflanken sorgt schließlich dafür, dass sich Rissflanken nicht durchdringen
können, und stellt so physikalisch sinnvolle Ergebnisse sicher.
Die von L OEHNERT & B ELYTSCHKO (2007a) vorgestellte Multiskalenmethode wird unter
Berücksichtigung der vorgeschlagenen Veränderungen der XFEM für dreidimensionale
Anwendungen erweitert. Insbesondere wird dabei sichergestellt, dass die Geometrien der
Mikrorisse unverändert bleiben, wenn auf der Makroskala das Netzregularisierungsverfahren angewendet wird.
Schlagworte: XFEM, 3d, Multiskalenmethode, Risse, Rissflankenkontakt
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Abstract
This work presents a multiscale method for the interaction of cracks in a solid material,
based on the idea of L OEHNERT & B ELYTSCHKO (2007a). The motivation for this topic is
that many materials exhibit micro cracks, which strongly influence the propagation behavior
of macro cracks, and thus are vitally important for the overall load-carrying capacity of a
material. However, using a singlescale analysis for this class of problems is not feasible, as
the incorporation of micro cracks requires a very fine discretization, which results in a high
computational effort. Considering the fact that micro cracks only need to be accounted for
in the vicinity of a macro crack front, applying a multiscale approach is more elegant and
efficient than a brute force singlescale analysis.
The proposed multiscale method is implemented in context of the three-dimensional eXtended Finite Element Method (XFEM). Within the XFEM, cracks are considered implicitly
by incorporating known solution properties by means of application-specific ansatz functions and corresponding degrees of freedom. Thus, the standard displacement finite element
formulation is enriched to circumvent its restrictions, while its powerfulness is exploited.
Special measures are taken to improve robustness and accuracy of the XFEM. The corrected
XFEM is implemented for the three-dimensional case as a remedy to the partition of unity
not being fulfilled in elements which contain enriched as well as nonenriched nodes. A mesh
regularization scheme ensures that a sufficient volume fraction of each XFEM element is
cut off by a crack. Thereby, ill-conditioning of the coefficient matrix due to near linear dependence of standard and enriched degrees of freedom is avoided, while the crack geometry
is maintained. This scheme is complemented by a special numerical integration technique
for cracked elements. Finally, a crack face contact formulation is proposed, which prevents
the faces of a crack from penetrating each other and thus provides for physically meaningful
results.
The multiscale method presented by L OEHNERT & B ELYTSCHKO (2007a) is then extended
to the three-dimensional case, allowing for the proposed modifications to the XFEM. Specifically, it is ensured that the micro crack geometries, which are defined during pre-processing,
are maintained when the macro scale mesh is modified by the mesh regularization scheme.
Keywords: XFEM, 3d, multiscale method, fracture, crack face contact
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Chapter 1
Introduction
1.1

Motivation

The collapse of buildings like Terminal 2E of C HARLES DE G AULLE airport and the failure
of structural components like in the case of the ICE train W ILHELM C ONRAD R ÖNTGEN
or the space shuttle Challenger show that, in spite of advances in engineering, fracture still
plays an essential role in structural safety. Apart from issues concerning the safety of people,
cracks in industrial goods like e.g. circuit boards cause huge financial losses every year.
As analytical approaches in fracture mechanics need rather strong assumptions, especially
regarding the size, distance and arrangement of cracks, the Finite Element Method (FEM)
developed by R.W. C LOUGH and coworkers at B OEING (T URNER ET AL . (1956)), based
on the works of R ITZ and G ALERKIN, was soon applied to fracture problems. However, it
was immediately discovered that standard finite elements are not capable of capturing the
material behavior in the vicinity of a crack front accurately, which is important to predict the
propagation path of a crack. For this reason, and with the advance of computational mechanics in general as well as increasing computer power, a wide range of numerical methods for
fracture mechanics has been developed in the last forty years. Nevertheless, the analysis of
structures containing multiple cracks and general crack geometries is still challenging, such
that there is a continuing demand for accurate, flexible and efficient algorithms for fracture
mechanics problems.
This need is confirmed by the fact that in many safety-relevant contexts, like maintenance
of airplane turbines, the decision whether a component needs to be overhauled or exchanged
is still based on practical experience of individual engineers, rather than on scientifically
founded methods. Given that e.g. blades in high-performance turbines consist of expensive
materials and pass through sophisticated manufacturing processes, significant cost arises if
decisions are too conservative.
Within the field of fracture analysis, imaging methods like X-ray computed tomography
show that many materials, like e.g. ceramics, contain micro cracks, which strongly influence
the material behavior in the vicinity of a macro crack front, and thus its propagation behavior.
Therefore, it is desirable to include these micro cracks in the numerical analysis of the zone
around a macro crack front. However, as undistinguished numerical treatment of macro- and
micro cracks is not feasible regarding computational effort, multiscale methods need to be
developed for this class of problems.
1
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CHAPTER 1. INTRODUCTION

1.2

Background and state of the art

Due to the incapability of analytical approaches to treat general fracture mechanics problems,
the Finite Element Method was applied in this area soon after its development. However,
even in the first publications regarding this topic, as e.g. C HAN ET AL . (1970), it is pointed
out that standard finite elements fail to capture the stress singularity at a crack front and the
corresponding high stress gradients in the surrounding area, unless extreme mesh refinement
is used in the vicinity of a crack front.
As a consequence, a multitude of numerical methods for fracture mechanics has been developed to this day. Although approaches originating from different motivations naturally
exhibit different priorities, objectives in general are
• accuracy of the near crack front field, also for relatively coarse meshes
• correct representation of the underlying physics
• efficiency
• robustness and stability
• capability to handle general crack geometries with nonplanar crack surfaces
• capability to consider multiple cracks.
Most of these requirements are obvious and seem to be easy to meet. However, especially
in the three-dimensional case, a surprisingly large number of publications shows restrictions
regarding the quantity and geometry of cracks used in the numerical examples – the goals
which at first glance appear to be the easiest to achieve.
In the early 1990s, focus in numerical fracture mechanics more and more shifted from improving finite element formulations such that they can handle the crack front singularity to
developing numerical methods especially suited to fracture mechanics applications. Some of
these methods showed insufficient generality or, although being theoretically feasible, led to
severe numerical problems, and consequently are hardly used nowadays. Nevertheless, some
also served as a starting point for the development of new approaches, like the Partition of
Unity Method (PUM) presented by BABU ŠKA & M ELENK (1997).
For general fracture mechanics problems, three widely used methods are cohesive elements,
the strong discontinuity approach (SDA) and the eXtended Finite Element Method (XFEM).
Cohesive elements, first introduced by N EEDLEMAN (1987), follow the notion that from an
atomistic point of view, fracture is a gradual phenomenon, where a cohesive zone is formed
at the crack front and a crack is introduced if complete debonding is detected. This approach
avoids the crack front singularity and naturally accounts for crack nucleation, propagation,
coalescence and branching, see X U & N EEDLEMAN (1994). Numerical modeling within
the context of the FEM is done by placing line elements in the two-dimensional and surface
elements in the three-dimensional case, respectively, between standard finite elements. These
cohesive elements contain a cohesive interface potential. As the a crack can only propagate
along element boundaries, the crack path depends on the initial mesh. Remedies to this
problem are presented e.g. in M ERGHEIM ET AL . (2005) and R EMMERS ET AL . (2008).

1.2. BACKGROUND AND STATE OF THE ART
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The strong discontinuity approach, originally introduced by S IMO ET AL . (1993) and first
applied to fracture problems by O LIVER (1995), follows a different idea. Here, a discontinuity is represented by combining the H EAVISIDE step function with a C 0 -continuous function,
which has an arbitrary value in the vicinity of the discontinuity, while it is zero on one side of
the discontinuity and one on the other side. This function is treated as an ansatz for an incompatible mode in terms of S IMO & R IFAI (1990). Thus, the displacement jump is accounted
for as an enhanced variable in terms of an enhanced assumed strain (EAS) finite element. In
contrast to the introduction of cohesive elements, remeshing in case of crack propagation can
be avoided, see O LIVER ET AL . (2002a, 2004) for details. The method is extended to three
dimensions in W ELLS & S LUYS (2001a,c). Recent research is mainly focused on improving
robustness (O LIVER & H UESPE (2004b); O LIVER ET AL . (2006)).
The widely used eXtended Finite Element Method (B ELYTSCHKO & B LACK (1999); M O ËS
ET AL . (1999); S UKUMAR ET AL . (2000)) is based on the PUM, which never became popular
due to its high computational effort and insufficient convergence behavior. The analytical
solution for specific problem types, where approximation by polynomials is unsatisfactory,
is used to formulate enrichment functions and introduce corresponding degrees of freedom
in addition to the standard finite element ansatz functions and degrees of freedom, see DAUX
ET AL . (2000). In contrast to the PUM, only a small part of the domain is enriched, thus
greatly improving robustness and computational efficiency. The beauty of the method is that
the flexibility of the FEM can be utilized, while its main drawbacks, namely incapability
to correctly represent the crack front singularity and the remeshing issue in case of crack
propagation, are avoided. Especially since S UKUMAR ET AL . (2001) exploited the level
set method to express enrichment functions in terms of level set values, crack geometries
can be elegantly described independently of the finite element mesh. The current challenge
in context of the XFEM is to improve solution accuracy in the vicinity of the crack front
(F RIES (2008)) and subsequently find a precise crack propagation criterion, in combination
with static as well as dynamic propagation algorithms for the three-dimensional case, see
C OMBESCURE ET AL . (2008), E LGUEDJ ET AL . (2009) and S ONG ET AL . (2008).
At the same time as research on numerical methods for fracture mechanics became increasingly popular, the desire developed to adequately model fine scale features like micro cracks
without having to resort to a brute force single scale analysis. This resulted in a widening
range of multiscale methods. However, as pointed out by G EERS ET AL . (2010), most of
these methods are not suitable for localization phenomena like fracture. A large number
of multiscale methods is based on homogenization techniques, meaning that the homogenized material behavior of representative volume elements (RVEs), which contain fine scale
features, is considered to be representative for the entire structure. Of course, this concept
breaks down in case of localization, as then, the homogenized material behavior is strongly
influenced by the presence or absence of cracks within the chosen RVE. Consequently, several multiscale approaches specifically developed for fracture applications have been introduced in the last couple of years, see e.g. G UIDAULT ET AL . (2008); M ERGHEIM (2009);
B EN D HIA & JAMOND (2010). In particular, L OEHNERT & B ELYTSCHKO (2007a) proposed a multiscale method in context of the two-dimensional XFEM.
More details on numerical fracture mechanics and multiscale methods are given in the corresponding chapters of this work.
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1.3

CHAPTER 1. INTRODUCTION

Structure of this work

The first part of this thesis briefly introduces the theoretical background and specifies the
notation. To this end, the basic continuum mechanics are presented in chapter 2, namely the
kinematics describing the motion of a material body, conservation laws, constitutive relations
relevant for this work and the most common variational principles. Chapter 3 focuses on
analytical fracture mechanics, introducing the basic concepts of fracture before giving a brief
summary of linear and nonlinear fracture mechanics. In this context, the analytical crack
tip field is established, which is used as a basis for the XFEM enrichment functions. The
second ingredient to the XFEM as implemented in this work, a displacement finite element
formulation for an eight node brick element, is presented in chapter 4.
The second part begins with an overview of numerical methods for fracture mechanics in
chapter 5. These methods try to overcome the limitations of standard finite elements regarding the treatment of cracks in a solid body. The review is given in chronological order, trying
to point out how methods evolved out of each other, lost importance due to more sophisticated approaches and interacted with each other. The summary for each method lines out
its basic ideas, often arising from a specific application, as well as major achievements in
the development of the method, advantages and limitations. In chapter 6, the XFEM as the
method of choice within this work is presented. First, the representation of discontinuities
like cracks or material interfaces by means of level set functions, nearly independent of the
finite element mesh, is established. Then, the enrichment functions incorporating knowledge
about the analytical solution into the finite element formulation are introduced. The standard
enrichment functions as presented by M O ËS ET AL . (1999) lead to undesired terms in partly
enrichment elements, thus impairing accuracy and convergence behavior of the numerical
solution. As a remedy, the corrected XFEM for quadrilaterals by F RIES (2008) is extended
to the three-dimensional case. The resulting XFEM ansatz is then used to adjust the standard
discretized weak form of equilibrium presented in chapter 4, where small as well as finite
deformation theory is considered. Generally, the convergence behavior of XFEM problems
suffers if only a small portion of an element is cut off by a crack, as then the standard and
enriched shape functions are almost linearly dependent. In order to circumvent this issue, a
crack can be easily moved onto the closest element node, however, this does not maintain
the original crack geometry. As an alternative, a mesh regularization algorithm is proposed.
Further improvement of accuracy can be achieved by an efficient numerical integration technique which accounts for the presence of a crack within one finite element. Finally, chapter 6
deals with the often neglected problem that the XFEM does not automatically prevent unphysical crack closure. Consequently, a normal contact formulation for crack faces within
an eight node brick element is presented.
In the third part, chapter 7, the two-dimensional XFEM multiscale method proposed in
L OEHNERT & B ELYTSCHKO (2007a) is extended to the three-dimensional case, after giving
a brief review of common multiscale methods. The basic assumptions are revisited before
adopting the discretization such that the mesh regularization scheme introduced in chapter 6
is accounted for. Then, the projection of displacement boundary conditions onto the micro scale computational domain is discussed, where care has to be taken to avoid a singular
coefficient matrix.

1.3. STRUCTURE OF THIS WORK

5

All methods developed to improve and extend the standard XFEM and the multiscale projection method are accompanied by suitable numerical tests. In contrast, the numerical examples presented in chapter 8 do not aim to provide quantitative results showing the performance of single components of this work. Instead, its goal is to combine the achievements
of chapters 6 and 7 and show the power of the proposed methods as well as their limitations.
Finally, chapter 9 concludes the results of this work and indicates possible future improvements and extensions.
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CHAPTER 1. INTRODUCTION

Chapter 2
Continuum solid mechanics
Continuum solid mechanics is concerned with deformation of and stresses in solid bodies.
The analysis is simplified by disregarding the molecular structure of the matter and assuming
it to be continuous. Also, it is supposed that all mathematical functions entering the theory
are continuous except at a finite number of interior surfaces. These assumptions lead to the
fact that not all observable material properties can be accounted for. However, continuum
mechanics used in combination with empirical information or molecular theories proves to
be a powerful tool for the treatment of a multitude of applications (M ALVERN (1969)).
In the following, the continuum mechanical background for solids is briefly summarized.
The fundamental equations of kinematics, balance laws and constitutive equations as well
as variational principles are presented and the notation employed in the subsequent chapters
is introduced. Detailed introductions to continuum mechanics can be found e.g. in T RUES DELL & T OUPIN (1960), T RUESDELL & N OLL (1965), M ALVERN (1969), O GDEN (1984),
M ARSDEN & H UGHES (1994), A LTENBACH & A LTENBACH (1994), C HADWICK (1999),
H OLZAPFEL (2000) and H AUPT (2002).

2.1

Kinematics

Kinematics describes the motion and deformation of a body in time as depicted in figure 2.1.
This section introduces the concept of bodies, their motion and deformation as well as the
corresponding deformation and strain tensors.

2.1.1

Deformation

A material body B is constituted of a set of material points P . Each material point can be
identified uniquely at each point in time t. Furthermore, coherence of all material points
during the deformation of the body is assumed. To describe the motion and deformation of
a material body B, each material point P is mapped onto a corresponding point defined in
a region B of the E UCLIDian vector space E 3 . Thus, the material body B is mapped onto a
configuration of points P by
χ : B 7−→ B .
(2.1)
7

8

CHAPTER 2. CONTINUUM SOLID MECHANICS

The position of an arbitrary material point P ∈ B0 at time t0 is denoted by the vector X ∈ B0
X = χ0 (P )

.

(2.2)

Analogously, the position of a material point P ∈ Bt at a time t is denoted by the vector
x ∈ Bt
x = χt (P ) .
(2.3)
As χ is bijective, the inverse function χ−1 is unique and exists at any time t. As a consequence, the mapping between X and x is bijective and unique as well,

x = χt χ−1
(2.4)
0 (X) := ϕ (X) ,

−1
(x) .
(2.5)
X = χ0 χ−1
t (x) := ϕ
The mapping ϕ from B0 to Bt depends explicitly on the initial configuration B0 . In the
following, it is assumed that B0 is the space occupied by a solid body at t = 0.

•
•

Figure 2.1: Motion of material body B.

The main approaches to describe motion of a body are the L AGRANGEian and the E ULERian
approach. The L AGRANGIAN approach, also referred to as the material formulation of motion, presumes the observer to be attached to a fixed material point as described by equation
(2.4). Within this approach, all field variables are expressed in terms of X. The E ULERian
approach, on the other hand, which is also referred to as the spatial formulation, assumes the
observer to be fixed in space and therefore keeps track of the motion at a fixed spatial point,
as described by equation (2.5). In this case, all field variables are expressed in terms of x.
The displacement of a material point in time is constituted by the displacement vector u(t)
defined for every current configuration Bt by
u=x−X

.

(2.6)

Then, velocity and acceleration of a material point P can be written both in terms of the
position vector and the displacement vector
v=

dx
du
=
= ẋ = u̇
dt
dt

,

a=

d2 x
d2 u
=
= ẍ = ü .
dt2
dt2

(2.7)
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In addition to describing the displacement of a material point P in E UCLIDian vector space,
the formulation of its position and movement also facilitates the specification of the deformation imposed on an infinitesimal line element attached to P . The mapping of such an
infinitesimal line element in B0 , denoted by dX, onto the corresponding infinitesimal line
element in the current configuration Bt , denoted by dx, is performed by the material deformation gradient F
∂u
∂x
=1+
=1+H ,
(2.8)
∂X
∂X
where both dX and dx are shown in figure 2.1. Here, 1 denotes the second order unit
tensor, while H is called the displacement gradient. The material deformation gradient is a
two-point tensor
F = Fij ei ⊗ E j ,
(2.9)
dx = F · dX

,

F =

which is in general non-symmetric. Its components are Fij , given in the Cartesian basis of
the current and initial configuration, ei and E j , respectively. Due to these properties, F can
be used to transform a tensor from the initial to the current configuration (push forward)
as well as vice versa (pull back). The non-singularity of F is mathematically equivalent to
the existence of the inverse mapping of a deformed infinitesimal line element dx onto the
corresponding infinitesimal line element dX in the initial configuration. The determinant of
F
J = det(F ) > 0
(2.10)
is called the JACOBIan J. The property stated in equation (2.10) is valid for all motions of
B. Its physical interpretation is that material is not allowed to penetrate itself.
Every deformation of a body can be decomposed into rigid body translation, rigid body
rotation and deformation. Rigid body translation is not contained in F , in contrast to rigid
body rotation and deformation. Accordingly, there exists a multiplicative split of the material
deformation gradient in terms of
F =R·U =V ·R

.

(2.11)

Here, R is a proper orthogonal rotation tensor, while the positive definite, symmetric tensors
U and V are the right and left stretch tensor, respectively. The spectral decomposition of U
and V
3
3
X
X
U=
λi N i ⊗ N i ,
V =
λi ni ⊗ ni
(2.12)
i=1

i=1

is useful for the description of some material models, where the principal stretches λi are
the eigenvalues of U or V , N i are the eigenvectors of U and ni are the eigenvectors of V .
Then, the material deformation gradient can be written in terms of
F =

3
X
i=1

λi ni ⊗ N i

(2.13)

ni ⊗ N i

(2.14)

and the rotation tensor in terms of
R=

3
X
i=1

.
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Apart from transforming infinitesimal line elements between the initial and the current configuration, F also maps infinitesimal surface elements with the aid of NANSON’s formula
n da = JF −T · N dA

.

(2.15)

Please note, that here, N and n are not eigenvectors but outward unit normal vectors of
the surface element in the initial and the current configuration, and dA and da are the corresponding infinitesimal surface areas, respectively. Finally, the mapping of infinitesimal
volume elements is accomplished by applying the JACOBIan
dv = J dV

2.1.2

.

(2.16)

Strains

As mentioned in section 2.1.1, the material deformation gradient F uniquely describes the
deformation of an infinitesimal volume element, including rigid body rotations. However,
especially when knowledge about strains and stresses is necessary, it is usually not a convenient deformation measure for several reasons. First of all, strains and stresses should not be
influenced by rigid body rotations. This means that, for the same deformation in another direction, F might have a different sign. In addition, F is non-symmetric and thus not always
practical.
In order to circumvent these drawbacks of the material deformation gradient, the G REEN L AGRANGE strain tensor E is introduced by interpreting strains as infinitesimal length
changes
|| dx||22 − || dX||22 = dx · dx − dX · dX

= dX · F T · F · dX − dX · 1 · dX

= dX · F T · F − 1 · dX
= dX · 2 E · dX .

(2.17)

The basis of the G REEN -L AGRANGE strain tensor E is given in the initial configuration.
Analogously, the E ULER -A LMANSI strain tensor e is defined in the current configuration by
|| dx||22 − || dX||22 = dx · dx − dX · dX

= dx · 1 · dx − dx · F −T · F −1 · dx

= dx · 1 − F −T · F −1 · dx
= dx · 2 e · dx .

(2.18)

Other convenient measures are the right C AUCHY-G REEN tensor C defined in the initial
configuration
C = F T · F = U2 ,
(2.19)
as well as the left C AUCHY-G REEN tensor e defined in the current configuration
b = F · FT = V 2

.

(2.20)

11

2.1. KINEMATICS

As can be seen from equations (2.17) and (2.18), the right and left C AUCHY-G REEN tensors
can be used to express the G REEN -L AGRANGE and E ULER -A LMANSI strain tensors
1
E = (C − 1)
2

,

1
e = (1 − b−1 )
2

.

(2.21)

Writing the G REEN -L AGRANGE tensor E in terms of the displacement gradient H, it can
easily be seen that E can be additively decomposed into a linear and a non-linear part
E=


1
H + HT + HT · H
2

.

(2.22)

If small deformations are considered, linearized strain measures can be used. The linearized
strain tensor ε is obtained by the linearization of E or e

T !

1 ∂u
∂u
1
ε = [L IN [E]]u=0 = [L IN [e]]u=0 =
+
=
H + HT
, (2.23)
2 ∂X
∂X
2
which is also reflected in equation (2.22).
Strain rates
In theory of elasticity, hyper elasticity is generally assumed, see section 2.3.3 for details.
This means that the actual stress-strain path that is taken to achieve a certain deformation is
considered irrelevant for the stress-strain relation. If, however, phenomena like viscosity or
plasticity are taken into account, the history of the deformation has to be followed, see e.g.
M ALVERN (1969).
Important tensors are the rate-of-deformation tensor d and the spin tensor w. In order to
define them, the material velocity gradient
Ḟ =

∂ ẋ
∂X

(2.24)

is introduced in terms of the material time derivative of the deformation gradient F .
The spatial velocity gradient l is given by
l=

∂ ẋ
= Ḟ · F −1
∂x

.

(2.25)

It can be expressed in terms of the above mentioned rate-of-deformation or spatial strain
velocity d

1
T
Ḟ · F −1 + F −T · Ḟ
(2.26)
d=
2
and the spin tensor

1
T
−1
−T
w=
Ḟ · F − F · Ḟ
,
(2.27)
2
such that
l=d+w .
(2.28)
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Here, it is easy to see that d and w constitute the symmetric and the skew symmetric part of
the spatial velocity gradient.
The pull back of d finally yields the material time derivative of the G REEN -L AGRANGE
strain tensor E
1
(2.29)
Ė = F T · d · F = Ċ .
2

2.2

Conservation laws

All solid as well as fluid mechanics, independently of the material model used, are based on
conservation laws, see e.g. K UNDU & C OHEN (2004). They form a set of axiomatic equations and inequalities based on physical observations. For solid mechanics, the conservation
of mass, conservation of linear and angular momentum, conservation of energy and entropy
inequality are mostly focused on.
These laws can be written in integral form for an extended region or in differential (local)
form at a point.

2.2.1

Conservation of mass

The mass of a body B is independent of motion and deformation

d
m(B) = 0 .
dt
The definition of mass density of a material point P at time t is given by

(2.30)

dm
,
(2.31)
dv
where v denotes the volume in the current configuration. Together with equation (2.16), the
mass of a body B at time t can then be written as a function of the mass density in the initial
as well as in the current configuration
Z
Z
Z
m(B, t) = ρ dv = Jρ dV = ρ0 dV ,
(2.32)
ρ(x, t) =

Bt

B0

B0

also defining the relation between the initial mass density field ρ0 and the current mass density field ρ
ρ0 = Jρ .
(2.33)
Using this relation, equation (2.30) can be written in terms of the current mass density,
yielding the integral form of mass conservation
Z
Z
Z
d
d
m=
(Jρ) dV = (ρ̇ + ρ div ẋ) J dV = (ρ̇ + ρ div ẋ) dv = 0 . (2.34)
dt
dt
B0

B0

Bt

As stated in section 2.2, equation (2.34) has to hold for an arbitrary volume, thus leading to
the local form of mass conservation
ρ̇ + ρ div ẋ = 0 .

(2.35)
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2.2.2

Conservation of linear and angular momentum

A body’s linear momentum I is defined by
Z
I = ρẋ dv

.

(2.36)

Bt

Providing that N EWTON’s third law (”actio = reactio”) holds for internal forces, the change
of linear momentum equals the sum of all applied external forces. It is given by
Z
Z
d
t da .
(2.37)
I = ρ b dv +
dt
Bt

∂Bt

Here, ∂Bt denotes the surface of the body in the current configuration and f = ρ b is the
volume force vector, incorporating e.g. gravitational forces. Contact forces acting on ∂Bt are
summarized in t. In C AUCHY’s fundamental postulate, the assumption is made that the local
surface traction vector t is a function of the outward unit normal vector n to the considered
surface of B, see figure 2.2. This yields C AUCHY’s lemma
t(x, −n) = −t(x, n) .

(2.38)

•

•

Figure 2.2: Surface traction vectors on surfaces resulting from a cut through a body.

As a second step, the C AUCHY theorem states that a second order stress tensor σ exists,
which is referred to as the C AUCHY stress tensor. Assuming that the surface traction vector
is a continuous, linear function of n, it is given by
t=σ·n .
Utilizing the divergence theorem for a continuous differentiable tensor T
Z
Z
div T dv = T · n da ,
B

∂B

(2.39)

(2.40)
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the C AUCHY theorem and the conservation of mass as given in equation (2.34) in combination with the change of linear momentum as expressed in equation (2.37), the change of
linear momentum in integral form can be written as
Z
(div σ + f − ρ ẍ) dv = 0 .
(2.41)
Bt

The local form of the conservation of linear momentum, which is also known as C AUCHY’s
first law of motion, follows as
div σ + f − ρ ẍ = 0

.

(2.42)

Neglecting the acceleration term in case of statics, the local static equilibrium equation results in terms of
div σ + f = 0 .
(2.43)
The angular momentum of a body B is defined by
Z
L = ρ (x − x0 ) × ẋ dv

,

(2.44)

Bt

its change in time is equal to the sum of all external forces acting on B
Z
Z
d
L = ρ ((x − x0 ) × b) dv +
((x − x0 ) × t) da
dt
Bt

.

(2.45)

∂Bt

Applying the C AUCHY theorem (2.39), the divergence theorem (2.40) and the balance of
linear momentum (2.42) to equation (2.45), the symmetry of the C AUCHY stress tensor can
be proved
σ = σT .
(2.46)
As already indicated by equation (2.38), the C AUCHY stress tensor is defined in the current
configuration.
If a traction force t in the current configuration is related to the outward unit normal N in the
initial configuration with aid of C AUCHY’s theorem (2.39) and NANSON’s formula (2.15)
t da = σ · n da = Jσ · F −T · N dA = P · N dA

,

(2.47)

the 1st P IOLA -K IRCHHOFF stress tensor P can be defined. It is a two-point tensor with one
basis in the initial and one basis in the current configuration and thus maps a vector from the
initial onto the current configuration. As can be seen from equation (2.47), the 1st P IOLA K IRCHHOFF stress tensor is generally non-symmetric
P 6= P T

.

(2.48)

Now, writing equation (2.37) in terms of the initial volume and surface of the body and
applying the divergence theorem (2.40), the equilibrium equation is obtained in terms of the
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1st P IOLA -K IRCHHOFF stress tensor and the volume force vector f 0 = ρ0 b in the current
configuration related to the volume in the initial configuration
Div P + f 0 = 0

.

(2.49)

As the characteristics of P , namely its non-symmetry, make it an inconvenient choice for
many applications, the 2nd P IOLA -K IRCHHOFF stress tensor S is introduced in terms of
S = F −1 · P = JF −1 · σ · F −T

.

(2.50)

The 2nd P IOLA -K IRCHHOFF stress tensor is completely defined in the initial configuration
and symmetric, as can be seen from equation (2.50)
S = ST

.

(2.51)

In contrast to the C AUCHY stress tensor and the 1st P IOLA -K IRCHHOFF stress tensor, the
2nd P IOLA -K IRCHHOFF stress tensor has no direct physical meaning. It is solely defined for
convenience, especially regarding the derivation of constitutive equations, see section 2.3.3.

2.2.3

Conservation of energy

The first law of thermodynamics constitutes that the energy in a closed system remains constant. The energy E of a body can be additively decomposed into the internal energy U and
the kinetic energy K
E =U +K .
(2.52)
Here, the internal energy is the sum of the strain energy due to elastic strains and the thermal
energy. They are expressed in terms of the specific internal energy u. The internal energy U
is then given by
Z
ρu dv

U=

.

(2.53)

Bt

As the internal energy is an unknown quantity, it has to be related to other state variables
with aid of constitutive equations (M ALVERN (1969)). Specific constitutive equations are
presented in section 2.3.4.
The kinetic energy of a body can be expressed by
Z
1
ρ ẋ · ẋ dv
(2.54)
K=
2
Bt

and is due to the body’s observable motion in time.
The change of energy in time for a body B is given in terms of the external power input P
and the thermal power supply Q
Ė = P + Q .
(2.55)
Specifically, the external power input P is the rate at which the body forces ρ b and surface
tractions t are doing work on the body
Z
Z
P = ρ b · ẋ dv +
t · ẋ da ,
(2.56)
Bt

∂Bt
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while the thermal power supply is caused by a distributed internal heat source of strength r
as well as heat flux in terms of the heat flux vector q through the surface of the body
Z
Z
q · n da .
(2.57)
Q = ρr dv −
Bt

∂Bt

Then, inserting the definitions of the internal (2.53) and kinetic energy (2.54) as well as the
external power input (2.56) and the thermal power supply (2.57) into equation (2.55), the
conservation of energy of a body Bt in integral form is given by

Z
Z 
Z
d
1
ρ u + ẋ · ẋ dv = ρ (r + b · ẋ) dv +
(t · ẋ − q · n) da .
(2.58)
dt
2
Bt

Bt

∂Bt

Applying the definition of the symmetric part of the velocity gradient (2.26), the C AUCHY
theorem (2.39), the local balance of linear momentum (2.42) and the symmetry of the
C AUCHY stress tensor (2.46), the integral form of the conservation of energy of a body
in the current configuration can be expressed in terms of
Z
Z
ρu̇ dv = (σ : d + ρr − div q) dv .
(2.59)
Bt

Bt

The local form of the conservation of energy in the current configuration is given by
ρu̇ = σ : d + ρr − div q

2.2.4

.

(2.60)

Entropy inequality

Apart from the observation that no energy can be created or lost in a closed system, the
direction of a thermomechanical process is naturally given. For example, it has never been
observed in nature that a cold body transfers heat to a warmer body without applying work
– a process that the first law of thermodynamics allows for. Obviously, a restriction on the
first law of thermodynamics is necessary. This restriction is given by the second law of
thermodynamics. To facilitate its formulation, the entropy S in terms of a mass specific
entropy density s is introduced
Z
S=

ρs dv

.

(2.61)

Bt

Entropy is a measure for the direction of a physical process. It is often explained with the
aid of statistical mechanics, where it is found that changes of state are more likely to occur
in the direction of greater disorder. For an illustrative example, see M ALVERN (1969).
The change of entropy of a body in time equals the entropy input due to internal heat sources
as denoted by the first term, the entropy due to heat flux through the surface of the body
as stated by the second term as well as entropy production inside the body by means of
dissipative mechanical processes as given by the third term of the entropy balance
Z
Z
Z
r
1
d
S = ρ dv −
q · n da + ρσ dv .
(2.62)
dt
θ
θ
Bt

∂Bt

Bt
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Here, θ is the absolute temperature and σ denotes the specific entropy production due to
dissipative mechanical processes. It can be observed that the entropy production cannot be
negative, such that
σ≥0 .
(2.63)

If no entropy is generated (σ = 0), a process is called reversible. Otherwise, a process is
called irreversible. This observation yields the C LAUSIUS -D UHEM inequality in the integral
form
Z
Z
Z
r
1
d
ρs dv ≥ ρ dv −
q · n da .
(2.64)
dt
θ
θ
Bt

Bt

∂Bt

Applying the divergence theorem (2.40), the conservation of energy (2.59) and the definition
of the H ELMHOLTZ free energy
ψ = u − sθ ,
(2.65)

the local form of the C LAUSIUS -D UHEM inequality in the current configuration can be written as


1
(2.66)
−ρ ψ̇ + s θ̇ + σ : d − q · grad θ ≥ 0 .
θ
The H ELMHOLTZ free energy is the part of the internal energy which is available for doing
work at a constant temperature. It is an energy per unit mass, as can be seen e.g. from
equation (2.53). The C LAUSIUS -D UHEM inequality in the initial configuration is given by


1
−ρ0 ψ̇ + s θ̇ + S : Ė − Q · Grad θ ≥ 0 ,
(2.67)
θ
where Q is the heat flux vector in the initial configuration.
As mentioned above, the C LAUSIUS -D UHEM inequality is fulfilled with equality in case of
reversible processes. A process is called isothermal if the temperature remains constant in
space and time. Then, the H ELMHOLTZ free energy is equal to the elastic strain energy
density of a body. Thus, the second law of thermodynamics acts as a restriction to the choice
of strain energy density functions and therefore plays an important role for the development
of constitutive equations.

2.3

Constitutive equations

Constitutive equations describe the idealized behavior of a material due to its intrinsic internal constitution. Different constitutive models are used for different types of material. After
first over-simplifying and thus over-idealizing a material, the trend from the 1950s on has
been to develop very general constitutive relations which are specialized as late and little
as possible, not to overlook e.g. coupling effects (M ALVERN (1969)). Together with the
conservation laws introduced in section 2.2, they form a set of equations connecting constitutively independent variables such as deformation and temperature to variables which
depend on the specific material, such as stress and heat flux. Mathematically, they provide
the equations needed in addition to the balance laws to determine all unknowns in a physical
problem. Fundamental principles for the systematic development of constitutive models go
back to N OLL (1955), F LORY (1961), T RUESDELL & N OLL (1965), H ILL (1970), O GDEN
(1984) and C HADWICK (1999).
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Mechanical principles

Apart from satisfying the balance laws, a number of principles have to be observed when
developing constitutive relations to avoid physically unreasonable material models. Here,
only the principles of material causality, determinism, material objectivity and material symmetry are addressed. For more details or other mechanical principles see N OLL (1955) and
C IARLET (1994).
Principle of material causality
The principle of material causality states that the motion x = χ(P, t) and the temperature
θ = Θ(P, t) are the only constitutively independent, measurable variables. All other variables which cannot be directly determined from x and θ are constitutively dependent variables. As only isothermal processes are considered in the following, the only independent
variable remaining is the motion x.
Principle of determinism
The principle of determinism states that the values of the thermodynamic functions (σ, q, u
and s) at a material point P at time t are determined by the history of motion and temperature
of all material points. This allows e.g. for material aging. At the same time, it is ascertained
that material behavior is not coincidental.
Principle of material objectivity
The principle of material objectivity states that qualitative and quantitative descriptions of
physical phenomena have to remain unchanged even if any changes of the point of view from
which they are observed are made (H OLZAPFEL (2000)). Thus, all constitutive equations, as
the mathematical representation of these physical phenomena, have to be observer invariant.
To this end, suppose that an observer O records a motion x and the resulting C AUCHY stress
σ at point P and time t specified by
x = ϕ(X, t)

,

σ(x, t) = Z(X, t) .

(2.68)

A second observer Ô records the corresponding motion x̂ and C AUCHY stress σ̂
x̂ = ϕ̂(X, t)

,

σ̂(x̂, t) = Ẑ(X, t) .

(2.69)

The observer transformation is given in terms of the proper rotation tensor Q and arbitrary
translation vector c. Then, in order to be objective, a scalar ψ, a vector a and a tensor T
have to transform according to
ψ̂ = ψ
â = Q · a

T̂ = Q · T · QT

(2.70)
(2.71)
.

(2.72)
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Although the material deformation gradient F and the 1st P IOLA -K IRCHHOFF stress tensor
P transform like a vector by
F̂ = Q · F

P̂ = Q · P

(2.73)
,

(2.74)

they are objective because as two-point tensors, one of their basis is given in terms of the
initial configuration, which is intrinsically observer independent. Accordingly, with both
basis given in terms of the initial configuration, the 2nd P IOLA -K IRCHHOFF stress tensor S
simply transforms by
Ŝ = S ,
(2.75)
while the C AUCHY stress tensor, being completely given in terms of x, has to transform by
σ̂ = Q · σ · QT

.

(2.76)

Principle of material symmetry
The principle of material symmetry states that a constitutive equation has to be independent
of certain rotations applied to the material coordinates of a body before it is subjected to a
deformation. In other words, the stresses resulting from the deformation have to remain the
same, independently of the rotation expressed in terms of the proper rotation tensor Q∗ ,
σ(F · Q∗ ) = σ(F )

.

(2.77)

However, the rotation tensor Q∗ can in general not be chosen arbitrarily. It depends on the
specific type of material and can only be chosen from the symmetry group inherent to this
material. If a material is symmetric with respect to Q∗ , the material coordinates can be
rotated by Q∗ before applying the deformation without changing the resulting stresses. For
the case of isotropy, as assumed in the following, Q∗ can be any proper orthogonal tensor.

2.3.2

Isotropic elasticity

A material is called C AUCHY-elastic if, for each material point P of a body B, the stress
field at time t depends only on the deformation and temperature but not on the deformation
and temperature history. Then, the second law of thermodynamics is fulfilled in equilibrium
assuming a reversible, non-dissipative deformation process. In this case, the C AUCHY stress
tensor σ for an isothermal process can be expressed in terms of the material deformation
gradient F
σ = σ(F (X, t)) ,
(2.78)
where the principle of material objectivity poses the requirement that σ is in fact a function
of the stretches U alone.
Although the stress of a C AUCHY-elastic material is independent of the deformation path,
the work performed by the stress in general is not.
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Isotropic hyper elasticity

In contrast to C AUCHY-elastic materials, hyper elastic or G REEN-elastic materials satisfy the
additional requirement that the work done by the stress is independent of the deformation
path. This requirement is equivalent to the existence of a specific strain energy density
function Ψ in the form of a potential. It is given as an energy per unit volume in terms of the
density ρ of the material and the H ELMHOLTZ free energy ψ
Ψ = ρψ

.

(2.79)

For a reversible, non-dissipative, isothermal process, inserting equation (2.79) into the
C LAUSIUS -D UHEM inequality (2.67) immediately leads to
S : Ė − Ψ̇ = 0

.

(2.80)

Since equation (2.78) yields that the strain energy density function Ψ depends only on E
Ψ̇ =

∂Ψ
: Ė
∂E

,

(2.81)

equation (2.80) can be rewritten as


∂Ψ
: Ė = 0 .
S−
∂E

(2.82)

Then, the relation between strain and stress for a hyper elastic material is finally given in
terms of
∂Ψ
∂Ψ
S=
=2
.
(2.83)
∂E
∂C
The corresponding fourth-order elasticity tensor in the initial configuration is given by
C=

∂ 2Ψ
∂ 2Ψ
=4
∂E∂E
∂C∂C

.

(2.84)

The strain energy density function Ψ has to take into account several restrictions. First, in
the undeformed state, which is equivalent to F = 1, the strain energy as well as the stresses
have to vanish. If a material behaves isotropic, Ψ can be expressed in terms of the three
independent principal invariants IC , IIC and IIIC or, alternatively, in terms of the principal
stretches λ1 , λ2 and λ3
Ψ = Ψ (IC , IIC , IIIC )
Ψ = Ψ (λ1 , λ2 , λ3 ) .

(2.85)
(2.86)

The invariants and the principal stretches are functions of the right C AUCHY-G REEN tensor
C. They do not depend on the coordinate system in which the components of C were
initially given and are thus invariant w.r.t. to solid body rotations (M ALVERN (1969)). The
principal stretches are defined by a spectral decomposition of C
C=

3
X
i=1

λ2i N i ⊗ N i

(2.87)
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and the invariants of C as well as their connection to the principal stretches are given by
IC = tr C = λ21 + λ22 + λ23

1
IIC =
tr 2 C − tr C 2 = λ21 λ22 + λ22 λ23 + λ23 λ21
2
IIIC = det C = λ21 λ22 λ23 .

(2.88)
(2.89)
(2.90)

Then, using the isotropic tensor function properties and applying C AYLEY-H AMILTON’s
theorem, equation (2.83) for a general isotropic hyper elastic material can be expressed by



∂Ψ
∂Ψ
∂Ψ
∂Ψ
−1
+ IC
1−
C+
IIIC C
.
(2.91)
S=2
∂IC
∂IIC
∂IIC
∂IIIC
Details regarding the derivation can be found e.g. in H OLZAPFEL (2000). Using equation
(2.50), the C AUCHY stress tensor for a general isotropic hyper elastic material is given by




2
∂Ψ
∂Ψ
∂Ψ
∂Ψ 2
σ=
IIIC 1 +
+ IC
b
.
(2.92)
b−
J ∂IIIC
∂IC
∂IIC
∂IIC
Finally, a strain energy density function needs to be poly convex. Regarding it as a function
of F , adj F and det F , Ψ is poly convex if it is convex in its arguments. The poly convexity
requirement provides for the existence of a deformation which globally minimizes the strain
energy under a given external load. Also, it ensures ellipticity of the partial differential
equation, which guarantees that the wave speed within the material remains real. The latter
property is also known as the L EGENDRE -H ADAMARD condition, which is fulfilled if the
acoustic tensor A with
A=N·

∂ 2Ψ
·N
∂F ∂F

,

Aik =

∂ 2Ψ
Nj Nl
∂Fij ∂Fkl

(2.93)

is positive definite for all deformations,
n·A·n>0 .

(2.94)

Here, N is an arbitrary vector in the initial configuration and n is an arbitrary vector in the
current configuration, where N and n are both non-zero vectors. It has to be noted that poly
convexity of the strain energy density function is not a sufficient criterion for stability. For
further details on stability, see R EESE (1994).

2.3.4

Examples of hyper elastic isotropic materials

As mentioned in section 2.3, a wide range of constitutive equations has been developed to
model a multitude of materials. In the following, the non-linear Neo-H OOKE and the linear
H OOKE material model are introduced, as these are the only constitutive equations used in
the remainder of this work. For both material models, the strain energy density function as
well as the corresponding stresses and elasticity tensors are presented. An extensive overview
of constitutive equations as well as their respective application ranges is given in O GDEN
(1984).
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Neo-Hooke material
The strain energy density function for the Neo-H OOKE material was introduced by
T RELOAR (1943a) for the general and by T RELOAR (1943b) for the incompressible case.
Here, it is given applying the volumetric-deviatoric split as first introduced by F LORY (1961).
Within the concept of the volumetric-deviatoric split, the strain energy density function is
additively divided into a part resulting from volumetric and a part resulting from isochoric
deformation. Thus, the different material behavior for volumetric and deviatoric deformations can be reflected. Also, the numerical treatment of incompressible or inelastic materials
is simplified by the decoupled strain energy density function, see S IMO & H UGHES (1998).
The strain energy density function for a Neo-H OOKE material is then given by
Ψ(F ) =


µ −2/3
J
tr C − 3 + g(J)
2

,

(2.95)

where µ is the shear modulus and g(J) is the volumetric function. As it is a function of J
only, its influence is restricted to compressible materials. For incompressible materials with
J = 1,
g(J) ≡ 0 .
(2.96)
For compressible materials, g(J) has to be a convex function and the conditions
lim g(J) → ∞ ,

J→0

lim g(J) → ∞

J→+∞

(2.97)

have to be fulfilled, to be theoretically able to create an unlimited amount of energy for these
cases. Additionally, no energy should be created in case of no deformation, resulting in
g(J = 1) ≡ 0 ,

∂g(J)
∂J

J=1

≡0 .

(2.98)

In the mathematical context, equation (2.97) is important for proving the existence and
uniqueness of solutions, see e.g. M ARSDEN & H UGHES (1994). Some widely used volumetric functions are

K


(J − 1)2


2



 K



(J − 1)2 + ln2 J
4
,
(2.99)
g(J) =



K

−β

− 1 + β ln J


2 J

β



K (J − 1 − ln J)
where K is the bulk modulus and β is a material parameter accounting for different types of
volumetric response. Obviously, the function given in equation (2.99a) does not fulfill the
requirement that the strain energy density goes to infinity for the volume approaching zero.
For an overview, see W RIGGERS (2008) and literature cited therein.
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The 2nd P IOLA -K IRCHHOFF stress tensor for the Neo-H OOKE material is then given by


1
∂g(J) −1
−1
−2/3
1 − tr C C
+J
C
,
(2.100)
S = µJ
3
∂J
where



K (J − 1)






K


J − 1 + J −1 ln J

∂g(J)
2
=


K −1
∂J


J − J −(β+1)


β



 K (1 − J −1 )

.

(2.101)

The material tangent in the initial configuration is


2 −2/3
1
−1
−1
−1
−1
C =
µJ
−1 ⊗ C − C ⊗ 1 + tr C C ⊗ C − tr C J
3
3


∂g(J)
∂ 2 g(J)
∂g(J)
+J
+J
J
(2.102)
C −1 ⊗ C −1 + 2J
2
∂J
∂J
∂J
with
−1
Jijst = −Cik
Iklst Clj−1

.

(2.103)

Here, I is the fourth order unit tensor, which is given in index notation by
Iklst =

1
(δks δlt + δkt δls )
2

(2.104)

with the K RONECKER-delta identity

δij =

1 if i = j
0 if i 6= j

.

(2.105)

The second derivatives of the volumetric functions introduced in equation (2.99) are


K






K


1 − J −2 ln J + J −2

2
∂ g(J)
2
=
.
(2.106)


K
∂J 2
−(β+2)
−2


(β + 1) J
−J


β



 KJ −2
Linear Hooke material
For the linear H OOKE material, small deformations and rotations and thus coincidence of
the initial and current configuration are assumed. Therefore, the corresponding strain energy
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density function is given in terms of the linear strain tensor ε introduced in equation (2.23)
by


2
1
K − µ tr 2 ε + µ tr ε2 .
(2.107)
Ψ=
2
3
In linear theory, all stress tensors coincide, leading to


2
σ = 2µ ε + K − µ tr ε 1
3

.

The elasticity tensor for the linear H OOKE material is given by


2
Cijkl = 2µ Iijkl + K − µ δij δkl ,
3

(2.108)

(2.109)

where the fourth order unit tensor Iijkl has been introduced in equation (2.104). In contrast to
the elasticity tensor for the Neo-H OOKE material, the linear elasticity tensor is independent
of the deformation.

2.4

Variational forms

In the preceding sections, the equations for describing the boundary value problem for the
motion of a body were introduced. The boundary value problem, which is generally referred
to as the strong form, is constituted by a coupled system of partial differential equations
comprising the kinematic equation (2.8) and (2.21a), the local form of equilibrium for linear
momentum (2.43) and (2.49) and the stress-strain relation (2.83) as well as boundary conditions. The strong form can be written in terms of the initial as well as the current configuration. Apart from the conservation of linear momentum, conservation of mass is fulfilled by
using ρ0 = Jρ. Conservation of angular momentum is fulfilled implicitly by considering the
C AUCHY stress tensor σ to be symmetric. Entropy inequality is fulfilled implicitly as well
by choice or construction of an appropriate constitutive equation, as elaborated in section
2.3.
Analytical solutions to the strong form only exist for very simple cases, which are not sufficient to describe real life continuum solid mechanics problems with arbitrary boundary conditions. However, an approximation of the solution can be obtained using numerical methods
which are often based on variational methods. To this end, the local form of equilibrium for
isothermal processes is transformed to a variational form in the following.

2.4.1

Weak form of equilibrium

The principle of virtual displacements uses the local form of conservation of linear momentum in the mixed (2.49) or current (2.43) configuration to achieve a formulation, which is
mathematically equivalent, but serves as a point of departure to obtain the so-called weak
form of equilibrium. For this purpose, the local form of the balance equation (2.49) or (2.43)
is multiplied by an arbitrary but non-zero vector valued virtual displacement function δu.
This function is also called the test function or weight function and often referred to as η
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instead of δu. The test function has to be zero at D IRICHLET boundaries. The resulting
expression is integrated over the entire domain, thus leading to a term which fulfills the local
balance of linear momentum in a volume average sense. Using the conservation of linear
momentum in the mixed configuration (2.49), multiplication with the virtual displacement
vector and subsequent integration over the entire domain yields
Z
Z
(2.110)
Div P · δu dV + f 0 · δu dV = 0 ,
B0

B0

while using the conservation of linear momentum in the current configuration (2.43) leads to
Z
Z
(2.111)
div σ · δu dv + f · δu dv = 0 ,
Bt

Bt

where the respective boundary conditions are given by
u0 = ū0 on ∂B0u

t0 = P · N = t̄0 on ∂B0σ

,

(2.112)

and
u = ū on ∂Btu

t = σ · n = t̄ on ∂Btσ

,

.

(2.113)

Here, ∂B0u and ∂Btu are the D IRICHLET boundaries in the initial and current configuration,
respectively, where the displacements are prescribed. On the N EUMANN boundary in the
initial configuration ∂B0σ and the current configuration ∂Btσ the tractions are prescribed.
Also, as mentioned above, the respective test function has to fulfill
δu = 0 on ∂B0u

,

δu = 0 on ∂Btu

.

(2.114)

Using partial integration, the divergence theorem (2.40) as well as the boundary conditions
(2.112), equation (2.110) can be written as
Z
Z
Z
G (u, δu) = P : Grad δu dV − f 0 · δu dV −
t0 · δu dA = 0 ,
(2.115)
B0

B0

∂B0

which is referred to as the weak form of equilibrium in the mixed configuration. Equation
(2.115) is called the weak form of equilibrium because in contrast to equation (2.110), where
the divergence operator introduces a second derivative of the displacements, only the first
derivative of the displacement remains. Thus, the continuity demands on the displacement
field are weaker than for the strong form of equilibrium.
The weak form of equilibrium in the mixed configuration can be transferred into the initial
configuration by replacing the 1st P IOLA -K IRCHHOFF stress tensor P by the 2nd P IOLA K IRCHHOFF stress tensor S = F −1 · P and by identifying Grad δu as the variation of the
deformation gradient F . This results in the weak form of equilibrium in the initial configuration
Z
Z
Z
G (u, δu) = S : δE dV − f 0 · δu dV −
t0 · δu dA = 0 ,
(2.116)
B0

B0

∂B0
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with


1
F T · Grad δu + Grad T δu · F
.
(2.117)
2
The weak form of equilibrium in the current configuration is generally obtained from the
weak form of equilibrium in the initial configuration (2.116) by using the volume transformation (2.16), the relation between the mass density fields (2.33) and a push forward of the
2nd P IOLA -K IRCHHOFF stress tensor S, yielding
Z
Z
Z
t · δu da = 0 .
(2.118)
g (u, δu) = σ : grad δu dv − f · δu dv −
δE =

Bt

Bt

∂Bt

Chapter 3
Analytical fracture mechanics
Fracture mechanics is concerned with the influence of cracks in a solid body on the body’s
mechanical behavior, including crack initialization and propagation. Generally, fracture can
be seen as the partitioning of an originally intact body into two or more parts (G ROSS &
S EELIG (2007)). Its mechanisms are manifold and strongly depend on the considered material, consequently, a large number of mathematical models exists for fracture mechanics
phenomena. In the following, common reasons and natures of fracture are presented before
introducing analytical approaches for linear as well as nonlinear fracture mechanics. For
an overview on fracture mechanics, the reader is referred e.g. to K NOTT (1973), H ELLAN
(1984), S ANFORD (2003), JANSSEN ET AL . (2004), A NDERSON (2005), G ROSS & S EELIG
(2007) and K UNDU (2008).

3.1

Reasons and natures of fracture

The reasons for fracture as well as the nature of fracture behavior in a material strongly depend on the material’s microscopic characteristics. However, as argued in chapter 2, continuum mechanics does not account for material properties on the nanometer level. It neglects
the fracture process zone, which defines the part of a body where debonding on the atomistic
level occurs. Thus, if continuum mechanics is applied to fracture problems, the fracture process zone has to be sufficiently small compared to the size of the body and cracks (G ROSS
& S EELIG (2007)).
As the focus of this work is on the macroscopic aspects of fracture, only the most important
macroscopic classifications resulting from processes on the molecular scale are introduced in
the following. Here, crack initiation is not considered, as on the macroscopic level, a body is
considered a continuum which contains cracks a priori. A crack is regarded as a cut through
a body with crack faces and a crack front as depicted in figure 3.1, where the crack faces are
usually assumed to be traction free.
27
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Figure 3.1: Notation of a crack in a solid body.

Considering the deformation of a crack, three different opening types are generally distinguished. Mode I as depicted in figure 3.2 describes a form of crack opening normal to the
crack plane, while mode II denotes a relative displacement of the crack faces normal to the
crack front. Finally, mode III characterizes a relative displacement of the crack faces in
tangential direction to the crack front. Mode III is also referred to as the tearing mode.

Figure 3.2: Crack opening modes.

3.1.1

Fracture types

Generally, a distinction is made between ductile and brittle fracture. Ductile fracture is accompanied by large inelastic deformations which are often restricted to the neighborhood of
the crack front or the vicinity of the crack faces, respectively. However, if the inelastic deformations on the macro scale are very small or zero, a fracture process is considered brittle.
Cracking due to brittle failure is governed by the principal stresses. Apart from microscopic
material characteristics, the fracture type depends on e.g. temperature, stress state and loading speed. Many materials behave brittle at low temperatures but ductile when a certain
temperature is exceeded. Also, plastic flow necessary for ductile failure can be constricted
by the existing stress state. For details, see e.g. D UGDALE (1960), BARRENBLATT (1962)
and G URSON (1977).

3.1.2

Crack propagation

A fracture process is always accompanied by crack propagation. As long as a crack does not
grow, it is called a stationary crack. The crack becomes unsteady and propagation starts if
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a certain, material dependent load is exceeded. Then, a distinction is made between stable
and unstable crack growth. If the external load has to be increased in order to achieve further crack propagation, crack growth is referred to as stable, while spontaneous crack growth
without additional loading implies instable crack growth. Similar to brittle and ductile fracture, the type of crack propagation does not only depend on material properties but also on
the type of loading as well as the geometry of the body and possible further cracks.
An additional distinction is made regarding the speed of crack propagation. Slow crack propagation where inertia does not play a role is called quasi-static, while fast crack propagation
in the range of the speed of sound is called dynamic. Here, inertia has to be considered. In
many engineering situations, very slow cracking due to cyclic loading and unloading can be
observed, which is referred to as fatigue cracking.

3.2

Linear fracture mechanics

An important property for the continuum mechanical classification of fracture is the size
of the process zone. The process zone constitutes the region around the crack front where
microscopically complex processes occur. If inelastic processes in the vicinity of the crack
front are restricted to a very small region, which is generally true for metals and most brittle
materials, a body can be considered linear elastic in its entity and linear fracture mechanics
can be applied. In this context, the analytical displacements and stresses in the vicinity of
the crack front are introduced in the following before presenting the most common crack
propagation criteria and finally focusing on interface fracture.

3.2.1

Crack tip fields

Although continuum mechanics fails to accurately describe the fracture process zone, macroscopic deformations and stresses in the vicinity of the crack front indirectly determine its
development. The analytical solution for these deformations and stresses can be obtained
for the two-dimensional case using a complex ansatz and considering the region around the
tip of a straight crack which is described by a radius r. For convenience, a local coordinate
system with its origin at the crack tip as shown in figure 3.3 is used to express the solution
for the analytical displacements and stresses.

•

•

Figure 3.3: Local coordinate system at crack tip (2d) and crack front (3d).
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The displacements u and stresses σ for a pure mode I deformation in a homogeneous linear
elastic medium, following the notation by A NDERSON (2005), then read
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(3.2)

respectively, for the two-dimensional case. For mode II displacements, they are given by
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(3.4)

where
κ = 3 − 4ν

,

σ33 = ν (σ11 + σ22 )

(3.5)

for plane strain and

3−ν
,
σ33 = 0
(3.6)
1+ν
for plane stress. Here, ν denotes P OISSON’s ratio, whose relation to the bulk modulus K and
the shear modulus µ is given by
3K − 2µ
ν=
.
(3.7)
6K + 2µ
κ=

The stress intensity factors KI and KII are a measure of the magnitude of the crack tip field,
they depend on the geometry of the body as well as the external loads. From equation (3.2)
and (3.4) it can be seen that the stresses at the crack tip contain a singularity of order r−1/2 . It
can be shown that singular stresses are necessary within a continuum description of fracture
to predict nonzero separation work (H ELLAN (1984)).
If the complete three-dimensional stress field is to be obtained, three-dimensional characteristics of a fracture process have to be accounted for. It can be shown that the two-dimensional
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solution for the crack tip field can be applied for the three-dimensional case as well, where
for mode I and mode II, plane strain has to be considered and the mode III displacements
and stresses in the crack front region are given by
r
ϕ
r
2KIII
sin
(3.8)
u2 =
µ
2π
2
and

ϕ 



KIII  − cos 2 
ϕ  .
=√
(3.9)

2πr
sin
2
Here, all displacements and stresses not listed explicitly are zero. To achieve the crack tip
fields for mixed mode cracking, superposition can be applied due to linear elasticity.
The analytical displacements and stresses listed above do not hold for cracks along interfaces
between two dissimilar solids as depicted in figure 3.4. For the sake of brevity, the reader is
referred to R ICE (1988) for details.


σ23
σ31



•

Figure 3.4: Interface crack between two dissimilar solids.

3.2.2

Crack propagation criteria

In the case of crack propagation, criteria if, for how much and in which direction a crack
propagates need to be established. Apart from the stress intensity factors already mentioned
in section 3.2.1, the energy release rate and the J-integral are frequently used as crack growth
criteria, while the maximum hoop stress criterion is a prevalent criterion for mixed mode
loading.
Stress intensity factors
As can be seen from equations (3.1) and (3.2) for mode I, equations (3.3) and (3.4) for mode
II and equations (3.8) and (3.9) for mode III loading, the stress intensity factors K, as a
measure of the stress singularity, characterize the displacements and stresses in the vicinity of
the crack front. However, the crack tip field fails to describe processes very close to the crack
front, which are dominated by inelastic material behavior. Also, the formally existing stress
singularity at the crack front is a contradiction to the assumption of linear elasticity, which
states that the strains are to remain small. Thus, the region dominated by the stress intensity
factors possesses an outer as well as an inner bound. However, the inelastic zone close to
the crack front and the fracture process zone are assumed to be sufficiently small such that
processes there are dominated by the behavior of the zone where the stress intensity factors
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are valid. Consequently, stress intensity factors can be used as a material specific fracture
criterion
f (KI , KII , KIII ) = 0 .
(3.10)
The concept of using stress intensity factors as a failure criterion dates back to I RWIN. The
analytical determination of stress intensity factors is limited to relatively simple cases, where
often restrictive assumptions considering e.g. the minimum distance of interacting cracks
have to be made, see e.g. RUBINSTEIN (1985), ROSE (1986) and L AURES & K ACHANOV
(1991).
Energy release rate
In order to define the energy release rate, I RWIN (1957) assumed that all external loads
applied to a crack containing body possess a potential Πext . Then, if a system changes from
equilibrium state 1 to equilibrium state 2 due to crack propagation of an area ∆A as depicted
in figure 3.5, the body can be cut along ∆A in equilibrium state 1, considering the stresses
acting on ∆A as external loads. Reducing these stresses quasi-statically to zero in order to
achieve equilibrium state 2, they supply a work ∆Wσ which is less or equal to zero. Then,
introducing the elastic potential
Z
Πi =

Ψ dV

,

(3.11)

B

balance of energy yields
ext
Πi2 − Πi1 = −Πext
2 + Π1 + ∆Wσ

(3.12)

∆Πi + ∆Πext = ∆Wσ ≤ 0 .

(3.13)

or

Figure 3.5: Crack propagation due to loads possessing a potential.

Obviously, crack propagation causes a decrease of the mechanical energy of a system, where
the released energy is available for the fracture process. Consequently, the energy increment
dΠ released w.r.t. an infinitesimal crack extension dA is called the energy release rate
G=−

dΠ
dA

.

(3.14)
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Crack propagation occurs if the released energy equals a material specific necessary energy
for crack growth Gc . This criterion is also referred to as the G RIFFITH criterion.
In the linear elastic case, the energy release rate can be written in terms of the stress intensity
factors per unit length of the crack front, yielding

1 2
1 − ν2
2
KI2 + KII
+
K
G=
E
2µ III

(3.15)

for the three-dimensional case. For brevity, the elastic modulus E is used here, which can be
formulated in terms of the bulk modulus K and the shear modulus µ as
E=

9Kµ
3K + µ

.

(3.16)

J-integral
Although for linear elastic fracture mechanics the J-integral as introduced by R ICE (1968b)
is equivalent to the energy release rate and can be used to calculate stress intensity factors,
its relevance is outstanding. This is due to the fact that it is also applicable to inelastic and
nonlinear materials, in contrast to the stress intensity factors. However, to point out the
equivalence between the fracture criteria, small strains are assumed in the following. The
J-integral vector is then defined by
Z
Z
Jk = Σkj nj dA = (Ψδjk − σij ui,k ) nj dA ,
(3.17)
∂B

∂B

where Σ denotes the E SHELBY stress tensor. Applying the divergence theorem (2.40) to
equation (3.17), it follows for materials without defects, singularities or discontinuities that
Jk = 0

(3.18)

for any contour ∂B. If a body contains material interfaces or surface cracks, Jk is in general
nonzero and therefore constitutes a useful quantity if its mechanical properties are considered. Taking an arbitrary contour C starting at opposite crack faces and circumfering the
crack tip as shown in figure 3.6, J1 and J2 are a measure for the energy release of the system
if the crack faces including the crack tip enclosed by the contour are extended by da in the
x1 - and x2 -direction, respectively. Here, crack propagation in x2 -direction is only formally
possible.

Figure 3.6: J-integral.
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The energetic interpretation of the J-integral shows its equivalence to the energy release rate
for crack propagation,
J = J1 = G .
(3.19)
For linear material behavior, equation (3.15) additionally yields
J=


1 2
1 − ν2
2
KI2 + KII
+
K
E
2µ III

(3.20)

for the plane strain case. As the contour is arbitrary, the J-integral is a popular crack propagation criterion in numerical fracture mechanics. Application of the J-integral to the threedimensional case with variable loading along the crack front is accomplished by integrating
over a slice of width ∆l formed by the contour C along the crack front. If ∆l is approaching
zero, the contour integral remains. However, this concept is only applicable in the threedimensional case if a planar crack with a straight crack front is considered.
Maximum hoop stress criterion
The maximum hoop stress criterion was first introduced by E RDOGAN & S IH (1963). It
assumes that a crack propagates in radial direction from the crack tip, perpendicular to the
maximum hoop stress σϕmax , if σϕmax at a distance rc from the crack tip reaches the same
critical value as in pure mode I. Thus, the crack deflection angle ϕ0 is given by the condition
∂σϕ
∂ϕ

3.3

=0 .

(3.21)

ϕ0

Nonlinear fracture mechanics

The application of linear elastic fracture mechanics might not be sufficient for specific materials typically exhibiting finite strain response, like e.g. if fracture in rubber-like materials is
considered. Also, the large strains around a crack front violate a basic assumption of linear
elasticity, even for materials which usually can be described by small strain theory. Consequently, R ICE (1968a), R ICE & ROSENGREN (1968) and H UTCHINSON (1968), introduce a
nonlinear constitutive relation but retain the kinematic assumption of small deformations.
The crack tip field for a fully nonlinear analysis was derived by K NOWLES & S TERN BERG (1973), K NOWLES & S TERNBERG (1974) and K NOWLES (1977). In G EUBELLE
& K NAUSS (1994), it is specified for an incompressible generalized Neo-H OOKE material.

Chapter 4
Finite Element Method
The Finite Element Method (FEM) is a technique which numerically approximates the solution of partial differential equations, for which the exact analytical solutions cannot be
determined in general. FEM is widely used for elliptical partial differential equations with
arbitrary boundary conditions arising in continuum solid mechanics. In this chapter, the notation and basic equations for the three-dimensional displacement formulation for a continuum
solid problem are briefly outlined. For a more general and detailed introduction, the reader is
referred e.g. to A RGYRIS & M LEJNEK (1986), D HATT & T OUZOT (1984), H UGHES (2000),
B ELYTSCHKO ET AL . (2000), Z IENKIEWICZ & TAYLOR (2005), K NOTHE & W ESSELS
(2008) and W RIGGERS (2008).

4.1

A three-dimensional displacement FE formulation

The basis for the development of a finite element formulation for continuum solid mechanics
are the weak forms of equilibrium as given in equations (2.115), (2.116) and (2.118) for the
mixed, initial and current configuration, respectively. In order to treat them numerically, the
domain B is decomposed into elements of finite size
B≈

ne
[

Ωe

,

(4.1)

e=1

where e is the element number, ne is the total number of finite elements constituting the domain and Ωe is the volume of element e. This decomposition is in general an approximation
of the real geometry, see figure 4.1 for illustration.

Figure 4.1: Approximation of the geometry by finite elements.
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In the following, all equations are given for a single element only unless otherwise indicated,
dropping the index e for convenience.

4.1.1

Isoparametric concept

The idea of the finite element method is that the unknown function (e.g. the displacement
vector) within an element can be expressed in terms of the nodal values of that element.
To this end, locally supported functions NI are introduced. The minimal order of NI depends on the continuity demands of the weak form of equilibrium. Then, the approximated
displacements uh and the virtual displacements δuh at point x can be written as
h

u =

np
X

NI (ξ)uI

h

,

δu =

I=1

np
X

NI (ξ)δuI

,

(4.2)

I=1

respectively, where np is the number of element nodes, uI are the nodal displacements and
δuI the nodal values of the virtual displacement function. In the following, the superscript h
indicating the approximation is dropped for the sake of brevity.
The shape functions NI are commonly constructed by means of L AGRANGE polynomials,
which constitute an easy and systematic method of generating shape functions of any order
meeting the desired property of having a value of one at node I and a value of zero at all
other nodes of an element, such that a nodal value uI complies with the value of u at that
node. The one-dimensional L AGRANGE polynomial of order (n − 1), passing through n
nodes and being unity at node I is given by
NI (ξ) =

n
Y
J=1,J6=I

(ξJ − ξ)
(ξJ − ξI )

,

(−1 ≤ ξ ≤ +1) .

(4.3)

Here, J is the multiplication index and ξ is the coordinate of node I in the one-dimensional
reference element depicted in figure 4.2.

Figure 4.2: One-dimensional reference element.

The hexahedral reference element Ω , shown in figure 4.3 for the three-dimensional case,
is a convenient tool to avoid the complicated construction of shape functions for arbitrarily
shaped elements. For the three-dimensional eight node brick element used throughout this
work, trilinear shape functions can now be constructed by simple multiplication of the shape
functions obtained from the one-dimensional linear case,
1
NI (ξ) = (1 + ξI ξ)(1 + ηI η)(1 + ζI ζ),
8

(I = 1, ..., 8),

(−1 ≤ ξ, η, ζ ≤ +1) , (4.4)

where ξI , ηI and ζI are the nodal coordinates of the reference element shown in figure 4.3
and the edge length of the reference element is assumed to be two in all three directions.

4.1. A THREE-DIMENSIONAL DISPLACEMENT FE FORMULATION

37

Figure 4.3: Hexahedral reference element.

Using the same shape functions NI for both the approximation of the displacement function
u and the virtual displacements δu, is called a B UBNOV-G ALERKIN approach. As this
approach leads to a solver-friendly symmetric linear equation system for many materials, it
is widely used in continuum solid mechanics.
For more details on L AGRANGE finite elements as well as alternative concepts, see
e.g. D HATT & T OUZOT (1984) and Z IENKIEWICZ & TAYLOR (2005).
In order to connect the reference element Ω , which constitutes an artificial domain, to a possibly arbitrarily shaped element in the initial configuration (Ω0 ) or the current configuration
(Ωt ), the isoparametric concept is introduced. The basic idea of the isoparametric concept is
to approximate the geometry of an element with the same shape functions as the unknown
function, such that

X=

np
X

NI (ξ)X I

,

x=

np
X

NI (ξ)xI

(4.5)

I=1

I=1

for the initial and current configuration, respectively. Here, the nodal coordinates in the initial
configuration are denoted by X I and the nodal coordinates in the current configuration by
xI .
Then, the mapping between elements in the reference, initial and current configuration Ω ,
Ω0 and Ωt respectively, as shown in figure 4.4 for the three-dimensional trilinear brick element, is given by
8

∂X X
∂NI
J=
=
XI ⊗
∂ξ
∂ξ
I=1

(4.6)

8

∂x X
∂NI
j=
=
xI ⊗
∂ξ
∂ξ
I=1

.

(4.7)

Here, J and j denote the JACOBI matrix in the initial and current configuration, respectively.
Their inverse quantities are used to obtain derivatives of the shape functions NI (ξ) w.r.t. the
coordinates in the initial configuration X or current configuration x.
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Figure 4.4: Isoparametric concept for the deformation of a hexahedral element.

In general, different shape functions can be applied for the approximation of the unknown
function and the geometry. If a higher approximation order is used for the unknown function
than for the geometry, a mapping is called subparametric. It is useful when the geometry of a
problem is simple but the solution of is only badly approximated by low order polynomials.
On the other hand, if a problem can be well approximated by low order polynomials but possesses a complex, curved geometry, a superparametric mapping is suitable. Here, the shape
functions describing the geometry are of higher order than the shape functions describing the
unknown function.

4.1.2

Discretized weak form of equilibrium

The discretized weak form of equilibrium is now achieved by inserting the discretized field
variables u and δu into the weak form of equilibrium and applying the mapping given by
equations (4.6) and (4.7). Here, the appropriate choice of mapping depends on the configuration in which the weak form of equilibrium is expressed. As the structure of the discretized
weak form of equilibrium is the same for all configurations and the configurations coincide
for the small deformation case mainly considered in this thesis, the current configuration is
chosen in the following. There, the discretized weak form of equilibrium is given by
Z
Z
np
ne X
ne
[
[
T
T
e
σ : grad δu dv ≈
δuI · B I · σ dΩ =
δueT · r e (u) = δ ũT · r(u)
e=1 I=1

Bt

Z

f · δu dv ≈

np
ne X
[

Bt

e=1 I=1

Z

np
ne X
[

∂Bt

t · δu da ≈

e=1 I=1

e=1

Ωt

δuTI

·

Z

e

NI · f dΩ =

Ωt

δuTI

·

Z

∂Ωt

e

ne
[
e=1

NI · t d∂Ω =

δueT · peΩ = δ ũT · pΩ

ne
[
e=1

δueT · pe∂Ω = δ ũT · p∂Ω

. (4.8)

To distinguish between the C AUCHY stress tensor σ, the volume force vector f and the
surface traction vector t for the entire body Bt as on the left hand side of equations (4.8)
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and the respective quantities for each finite element, the element measures are denoted by
the superscript e. The matrix B I contains the derivatives of shape function NI w.r.t. the
coordinates in the current configuration x in order to construct the gradient operator. The
vector δ ũ contains the assembled virtual displacements δue of each element, which are fixed
as well as arbitrary but nonzero. Finally, the vector pΩ is the vector of nodal volume forces
acting in B and the vector p∂Ω is the vector of nodal traction forces acting on ∂Bt . The
vector r(u) is usually called vector of internal nodal forces and depends on the unknown
nodal displacements u. Assuming the forces acting on the body Bt to be conservative and
introducing the global vector of external forces
pEXT = pΩ + p∂Ω

,

(4.9)

the discretized form of equation (2.118) can be written in terms of
g(u) = r(u) − pEXT = 0

.

(4.10)

Here, g(u) is called the residual vector. If the dependence of the vector of internal nodal
forces r(u) on the displacements u is linear, as for small deformation theory and linear
elasticity, equation (4.10) yields a linear system of equations. If the dependence of r(u) on
the displacements is nonlinear, as e.g. for a Neo-H OOKE material, a N EWTON -R APHSON
scheme can be used to solve (4.10). Prerequisite is that the initial guess for the unknown
function u is close to the exact solution and certain other restrictions are met, see D HATT &
T OUZOT (1984) and W RIGGERS (2008) for details. Application of a N EWTON -R APHSON
scheme yields
g(uk+1 ) = g(uk ) +

∂g(u)
· (uk+1 − uk ) = 0
∂u u=uk

(4.11)

for the iteration in k to obtain the converged solution of u. Generally, the discretized form
∂g(u)
of
is called the tangent stiffness matrix K.
∂u u=uk
Further details on the nonlinear finite element method can be found e.g. in C RISFIELD (1997)
and W RIGGERS (2008).

4.1.3

Numerical integration

The discretized weak form of equilibrium given in equations (4.8) contains integrals over
each element domain, which in general cannot be solved analytically. Different methods for
the numerical evaluation of these integrals such as the trapezoidal rule and the S IMPSON
rule exist, see e.g. D HATT & T OUZOT (1984) for an overview. A very popular choice is
the G AUSS integration scheme, as it yields the minimal number of integration points for a
given polynomial order, making it very efficient. Here, a function f , which is continuous,
differentiable and sufficiently smooth in the element Ωt , is first mapped onto a reference
element Ω , as described for the isoparametric concept in section 4.1.1. Then, integration in
the reference element is substituted by a summation of the values of f at the coordinates ξ gp
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of the ngp G AUSS integration points multiplied by a specific weight factor wgp , yielding
Z

Z
f dΩt =
Ωt

Ω

f det j dΩ ≈

ngp
X


f ξ gp wgp det j gp

.

(4.12)

gp=1

The number and position of G AUSS integration points depends on the dimension of the
problem and the polynomial order of f . Applying a sufficient number of G AUSS integration
points, polynomials can be integrated numerically exact. However, for arbitrarily shaped
finite elements, the mapping onto the reference configuration might result in the integrand not
being a polynomial. Also, for nonpolynomial shape functions, G AUSS integration cannot be
expected to yield numerically exact results. Although for many cases the integration error is
negligible compared to the approximation error, applying G AUSS integration to inappropriate
cases can lead to a substantial decrease of accuracy.
Using a reduced number of G AUSS integration points is a frequent measure to reduce the
computational effort and a remedy to the locking phenomenon, where the chosen shape
functions are of insufficient order for a specific problem, and thus lead to an artificially stiff
behavior. Reduced integration, however, can lead to rank deficiency of the stiffness matrix,
resulting in unphysical displacements. This numerical problem is also called hourglassing
effect.

Chapter 5
Numerical methods for fracture
mechanics
As a consequence of the development of the FEM and the restrictions imposed by analytical
solutions, first attempts to use the FEM for fracture applications were made in the early
1970s, see C HAN ET AL . (1970).
Standard displacement formulations cannot capture the singularity at a crack tip, as already
discussed by C HAN ET AL . (1970). Consequently, first efforts concentrated on improving
the solution at the crack tip by incorporating the singularity into the ansatz functions. The resulting formulations are commonly referred to as singularity elements, see B YSKOV (1970),
B ENZLEY (1974) and A KIN (1976) for two-dimensional and B LACKBURN & H ELLEN
(1977) for three-dimensional approaches. However, special efforts have to be taken with
these elements to ensure compatibility with the surrounding standard elements, as presented
in B ENZLEY (1974), A KIN (1976) and B LACKBURN & H ELLEN (1977). Also, these elements generally fail the patch test and therefore do not provide optimal convergence.
A different approach was independently followed by H ENSHELL & S HAW (1975) and BAR SOUM (1976), who construct the singularity by moving nodes at the center of element edges
towards the singular crack tip point. These elements, which can be further improved by
collapsing nodes at the singularity, are known as quarter-point elements. As was shown by
BARSOUM (1977), the elastic singularity is achieved if the same displacements are enforced
at the collapsed nodes, while leaving the nodes independent yields the plastic singularity.
Crack propagation was first considered in the context of dynamics. First attempts for crack
propagation modeling can be found e.g. in KOBAYASHI ET AL . (1976), where a simple nodal
release technique along a predefined crack path for a two-dimensional example is used, not
surprisingly resulting in spurious oscillations. A moving singular element is introduced in
N ISHIOKA & ATLURI (1980), which follows the crack tip through the finite element mesh.
Nodal data of moved or newly introduced nodes is interpolated using information from the
old mesh. In the context of quarter-point elements, S WENSON & I NGRAFFEA (1988) move
the crack tip point until the mesh is sufficiently distorted, and then delete the elements around
the crack tip and remesh this area using data from the old mesh as an interpolation basis.
However, in some cases this process has to be manually controlled. In contrast, M URTHY
& M UKHOPADHYAY (2000) use an error-controlled automatic mesh generator and N ISH IOKA ET AL . (2002) model dynamic crack branching problems by employing a remeshing
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technique based on D ELAUNAY triangulation. Cutting elements in the course of crack propagation is another option, see e.g. M EYER ET AL . (2006) for a very efficient method involving
a hierarchical data structure, which is not destroyed during crack propagation and thus facilitates the use of hierarchical preconditioners. However, due to the many possible crack
planes in three dimensions this approach can become very cumbersome, see e.g. D HONDT
(1998).
Obviously, modeling fracture with standard finite elements is not straightforward, especially
in terms of mesh generation and remeshing in case of crack propagation. To circumvent
this problem, an element doubling technique was developed by H ANSBO & H ANSBO
(2002) and applied to a simple two-dimensional fracture mechanics example in H ANSBO
& H ANSBO (2004). This approach is also known as the phantom node method. The basic
idea is to double elements intersected by a crack and use two independent copies of the
standard shape functions. Each set of shape functions is attached to one side of the crack,
shape functions corresponding to nodes on the respective other crack side are set to zero.
This actually results in a linear combination of the standard XFEM basis. However, no
additional degrees of freedom need to be introduced, which makes this approach easier to
implement in existing commercial finite element programs. The element doubling concept
was subsequently extended to linear elastic cohesive fracture by M ERGHEIM ET AL . (2005)
including crack propagation, where a nonlocal principal stress criterion is used. As the
authors point out, the main drawback of this method is that for very coarse meshes, the
maximum reaction force is overestimated. Also, oscillations due to element-wise failure
occur unless sufficient mesh refinement is used, as a crack cannot end within one element.
This issue was examined by R ABCZUK ET AL . (2008), who extended the proposed method,
such that cracks can end within one element. The application to dynamic fracture is given
by S ONG ET AL . (2006), showing that for coarse meshes the crack tip speed is overestimated. An extension to three-dimensional, finite deformation, planar crack applications is
introduced in M ERGHEIM ET AL . (2007). Similarly to the strong discontinuity approach,
the main challenge is to track the surface of nonplanar cracks. Local tracking algorithms are
reviewed in J ÄGER ET AL . (2008a) and J ÄGER ET AL . (2008b), coming to the conclusion
that a global tracking algorithm is more promising, see also J ÄGER ET AL . (2009).
Although more or less standard finite elements have been used for numerical fracture mechanics for more than forty years now, they are by no means the only way to numerically
treat this class of problems. In the following, the most common methods, finite element
based and not finite element based, are shortly revisited. A rough historical order is chosen
to point out how they influenced each other and in some cases led to the flourishing of new
methods.

5.1

Boundary Element Method

The main idea of the Boundary Element Method (BEM) is to convert domain integrals of
the considered problem into boundary integrals by means of G REEN’s second identity. By
inserting the fundamental solution of the governing equation, the boundary integral equation
for a domain point is obtained. Then, the limit case of this point approaching the boundary
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is considered and the fundamental solution is evaluated at the boundary point. The numerical treatment is to discretize the boundary by choosing a finite number of points and then
sequentially employing each node as a load point, which results in a system of equations.
Finally, the solution inside the domain can be computed by moving the load point to the spot
where the domain data is to be calculated.
Compared to the standard FEM, the advantage of the BEM for fracture mechanics applications is obvious. The crack can be treated as an interior boundary, no sophisticated discretization of the domain, resulting in many degrees of freedom, is necessary. However,
special measures like e.g. domain subdivision are needed for the standard BEM to allow
for crack modeling, as the presence of two boundaries (crack faces) with the same geometry leads to a singular system of equations. For the sake of brevity, the focus here lies on
methods which do not need domain subdivision.
In L UTZ ET AL . (1992), a temporary closure surface inside the volume is constructed to
transform the singular integral over the crack surface patch into an equivalent nonsingular
integral. Another effective remedy to this problem is the dual boundary element method. It
was introduced by P ORTELA ET AL . (1992) for two-dimensional and by M I & A LIABADI
(1992) for three-dimensional applications, who use both the displacement and the traction
boundary integral equation and apply one to each side of the crack to avoid a singular system
of equations. An extension to dynamic problems is given in F EDELINSKI ET AL . (1993) and
W EN ET AL . (1998). Linear plasticity problems are considered in L EIT ÃO ET AL . (1995a),
L EIT ÃO ET AL . (1995b) and C ISILINO ET AL . (1998), where domain discretization is necessary wherever plastic material behavior is expected. Crack propagation is examined by
P ORTELA ET AL . (1993) for two-dimensional applications including a predictor-corrector
scheme in combination with stress intensity factors. M I & A LIABADI (1994) consider threedimensional cases using a strain energy density criterion for crack growth as well as the
propagation direction and increment. Multiple cracks are considered by C HEN & C HEN
(1995) following the approach by L UTZ ET AL . (1992), as well as by D ENDA & D ONG
(1997), who compute multiple straight cracks in two dimensions. To facilitate the computation of multiple curvilinear cracks, D ENDA & M ARANTE (2004) locally apply singular
crack tip elements.
As already mentioned, the BEM leads to less degrees of freedom compared to the FEM, as
only the boundaries need to be discretized unless plasticity is considered. Therefore, the preprocessing is simplified as e.g. data input from CAD can be used directly. In contrast to the
FEM, the BEM also allows for improved accuracy in stress concentration problems and is
thus well suited for fracture applications. The simple and accurate treatment of infinite and
semi-infinite domains is obvious. However, the nature of the approach requires knowledge
of a suitable fundamental solution. Also, it is limited to linear problems with a homogeneous material unless domain decomposition with appropriate coupling is used. Concerning
fracture problems, the resulting singular integrals need complicated algebraic manipulations
to avoid a singular system matrix. The main drawback of the BEM is that it leads to a nonsymmetric, fully populated system of equations. Consequently, fast solution algorithms have
been a main focus recently (see e.g. KOLK ET AL . (2005) and B ENEDETTI ET AL . (2008)),
especially for crack propagation, see W EBER & K UHN (2008).
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Cohesive elements

Following the notion of D UGDALE (1960), BARRENBLATT (1962) and R ICE (1968a),
among others, that fracture is essentially a gradual phenomenon, where a cohesive zone
is formed at the crack tip, cohesive elements were introduced in N EEDLEMAN (1987),
N EEDLEMAN (1990a) and N EEDLEMAN (1990b) to study debonding at interfaces. Within
this approach, line and surface elements in the two- and three-dimensional case, respectively,
are inserted between standard elements. They constitute a cohesive interface potential, specified in terms of an interfacial strength and a work of separation, which are determined by
experiments. A smooth transition between a continuum and a crack can be modeled, avoiding
a singularity at the crack tip by introducing a characteristic separation distance. This separation distance defines a fully developed displacement discontinuity and a cohesive zone at the
crack tip. The cohesive element model naturally incorporates crack nucleation, propagation,
coalescence and branching for a wide range of material models, if cohesive elements are
placed in the zones of interest (X U & N EEDLEMAN (1994)) and can be easily implemented
into commercial finite element codes.
Research emanating from this work primarily focuses on the further development of cohesive potentials (T VERGAARD & H UTCHINSON (1992), L IU ET AL . (2008) and S ETTGAST
& R ASHID (2009)), fatigue cracking (YANG ET AL . (2001) and N GUYEN ET AL . (2001)) and
dynamic crack growth and fragmentation (X U & N EEDLEMAN (1996) and M ILLER ET AL .
(1999)). Here, C AMACHO & O RTIZ (1996) insert cohesive elements only where a critical
traction is attained between two elements to avoid the costly procedure of placing cohesive
elements everywhere in the domain, as in X U & N EEDLEMAN (1994). Additionally, a data
structure to account for the dynamics of fragmented pieces is introduced and further developed for both two- and three-dimensional fragmentation (PANDOLFI & O RTIZ (1998), O R TIZ & PANDOLFI (1999), RUIZ ET AL . (2001) and PANDOLFI & O RTIZ (2001)). However,
by abruptly introducing cohesive elements, numerical problems occur. Also, none of the
approaches mentioned above addresses the inherent problem that the crack path depends on
the initial mesh, as a crack can only propagate along element boundaries. This is pointed out
by means of several examples in Z HOU & M OLINARI (2004). There, the problem of mesh
dependency is reduced but not solved using a modified weakest link W EIBULL distribution
to determine the initial strength of the interfaces. An alternative is to use the H EAVISIDE enrichment of the XFEM to allow for a discontinuous displacement field within one element, as
in R EMMERS ET AL . (2003), DE B ORST (2003) and R EMMERS ET AL . (2008). The element
doubling technique for cohesive fracture presented by M ERGHEIM ET AL . (2005), which is
equivalent to the XFEM, can also be seen as a remedy in this context.

5.3

Strong Discontinuity Approach

The Strong Discontinuity Approach (SDA) was originally introduced by S IMO ET AL . (1993)
to incorporate dislocations into a standard continuum model, and applied to shear bands and
damage as examples for inelastic constitutive models exhibiting strain softening. The main
idea of the SDA is to represent a discontinuity by a combination of the H EAVISIDE step
function and a C 0 -continuous function that is arbitrary in the vicinity of the dislocation,
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zero on one side of the dislocation and one on the other. This function, being an ansatz
for an incompatible mode in terms of S IMO & R IFAI (1990), is then used to develop finite
elements in the context of enhanced assumed strains. In this framework, the displacement
jump within an element is treated as the enhanced variable. In elements where the enhanced
variable remains zero, no dislocation occurs. Thus, the SDA is the first attempt in terms of
the FEM to avoid cumbersome remeshing as a remedy to crack path dependence on the finite
element mesh by simply incorporating the discontinuity into the element formulation itself.
The SDA was applied to fracture problems in O LIVER (1995) and subsequently extended
in this context, strongly focussing on local as well as global crack tracking algorithms, see
e.g. O LIVER (1996a), O LIVER (1996b), O LIVER ET AL . (1999), O LIVER ET AL . (2002b),
F EIST & H OFSTETTER (2006a) and F EIST & H OFSTETTER (2006b). Fracture was specially
considered in O LIVER ET AL . (2002a) and O LIVER ET AL . (2004), with a focus on the propagation of multiple cracks, while L INDER & A RMERO (2009) incorporate crack branching
within one element. An extension for three-dimensional problems is given in W ELLS &
S LUYS (2001c) and W ELLS & S LUYS (2001a), while the topic of finite deformations is
treated e.g. in O LIVER ET AL . (2003a). In O LIVER & H UESPE (2004a) and R EESE (2007),
combination of material and geometrical failure is studied, where R EESE (2007) uses the
discontinuity bandwidth as a crack propagation criterion. Mixed and enhanced assumed
strain elements are introduced in O LIVER ET AL . (2003b) as a remedy to the stress locking
phenomenon. M OSLER & M ESCHKE (2003) compute the displacement jump at the material
instead of the element level to meet the same ends and thus also improve the robustness of the
solution scheme. The issue of robustness is also addressed by O LIVER & H UESPE (2004b)
and O LIVER ET AL . (2006). D IAS - DA -C OSTA ET AL . (2009) and R ADULOVIC ET AL .
(2011) avoid stress locking by incorporating the discontinuity like an interface element.
While the SDA is mesh-independent as well as independent of the element alignment, its
main drawbacks are that a crack cannot end within one element and that the singularity at
the crack front cannot be represented, as pointed out by B ELYTSCHKO & B LACK (1999).

5.4

Element-free Galerkin Method

In contrast to the FEM and similar to the BEM, the element-free G ALERKIN method (EFG)
does not require a mesh and element connectivities, but only nodes and a description of the
external and internal boundaries as well as interfaces of the model. Moving least-squares
(MLS) are used as trial and test functions at each node. An underlying cell structure or finite
element mesh is used for numerical integration, which can be refined at crack tips and other
small details (B ELYTSCHKO ET AL . (1995a)). This method was originally introduced as the
diffuse element method by NAYROLES ET AL . (1992) and first applied to two-dimensional
fracture mechanics by B ELYTSCHKO ET AL . (1994b), who called it EFG. It was extended
to three-dimensional applications by B ELYTSCHKO ET AL . (1996b) and S UKUMAR ET AL .
(1997).
The obvious advantage of the EFG is that as there is no mesh, no costly remeshing with its
disadvantages such as data projection, but only an adaption of the boundary description is
necessary in case of crack propagation. In zones of interest like the vicinity of a crack tip,
a closer spacing of nodes can be easily accomplished, which can be moved along with the
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crack tip in case of crack propagation (B ELYTSCHKO ET AL . (1994a, 1995a,b)). This leads
to high convergence rates. Also, due to the naturally smooth gradient field, no smoothing of
stresses etc. is necessary.
However, there are several drawbacks to the EFG. A major problem is that, as the
K RONECKER-δ-property is not fulfilled, the trial functions do not satisfy the D IRICHLET
boundary conditions. Several remedies to this problem were introduced, like imposing the
D IRICHLET boundary conditions by means of L AGRANGE multipliers, see B ELYTSCHKO
ET AL . (1994b). A modified variational principle, which is less accurate but yields easier to
solve systems of equations, is another option (L U ET AL . (1994)), as well as penalty methods or coupling with a layer of finite elements (K RONGAUZ & B ELYTSCHKO (1996)). Apart
from the difficulties regarding boundary conditions, another issue is that discontinuous trial
functions in the continuous displacement field around the crack tip are possible, which was
shown by B ELYTSCHKO ET AL . (1996b). This is due to the requirement that for the computation of the trial functions, no information on the other side of a discontinuity should be
taken. Apart from using enriched trial functions (F LEMING ET AL . (1997)), smoothing techniques have been developed to circumvent this problem (K RYSL & B ELYTSCHKO (1997)).
However, these lead to ”baroque shape functions” (B ELYTSCHKO ET AL . (1996b)) involving
higher order quadrature, which makes this procedure rather expensive (B ELYTSCHKO ET AL .
(1996a,b)). Independent of the application, neighborhood relations between the points have
to be established, and care has to be taken that there is a sufficient amount of points in the
neighborhood to avoid artificial singularities. This makes a N 2 algorithm unavoidable. In
order to reduce computational effort, an idea was to couple EFG and FEM, using FEM in
regions without cracks. This process combines the efficiency of the FEM with the accuracy
and flexibility concerning cracks of the EFG (B ELYTSCHKO ET AL . (1995c)).
The review given in R AJAGOPAL & G UPTA (2011) shows that many of the above mentioned
problems are still subject to active research, which explains a popularity decrease of meshless
methods in recent years.

5.5

Partition of Unity Method

The basic idea of the Partition of Unity Method (PUM) presented in BABU ŠKA & M ELENK
(1997) and M ELENK & BABU ŠKA (1996) is to use analytic knowledge about the local behavior of the exact solution for specific problem types where the approximation by polynomials is unsatisfactory, as in the case of singularities. These enrichment functions (known
a priori and therefore not resulting in a system of equations like meshless methods, where
coefficients for the MLS interpolants have to be computed) describing the analytic behavior
are multiplied by the S HEPARD function, thus forming a partition of unity.
However, as for the PUM the entire domain has to be enriched, it may suffer from linear dependencies resulting in ill-conditioned stiffness matrices, see BABU ŠKA & M ELENK (1997).
This was also observed in context of the XFEM using a fixed enrichment zone around a crack
tip (L ABORDE ET AL . (2005) and B ÉCHET ET AL . (2005)), although there only a small part
of the domain is enriched in comparison to the PUM. Another drawback of the PUM is
that the computational effort increases significantly due to the additional degrees of freedom
introduced globally, as pointed out in F RIES & B ELYTSCHKO (2006).
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EXtended Finite Element Method

The eXtended Finite Element Method (XFEM) is a direct offspring of the partition of
unity method and nowadays essentially the same as the generalized finite element method
(GFEM). The idea is the same as in the partition of unity method, however, only a small
part of the domain is enriched. In case of fracture mechanics applications, these are usually
finite element nodes whose support is cut by the discontinuity. The goal of the XFEM is to
exploit the flexibility of the finite element method and avoid one of its major drawbacks in
crack applications, the (re)meshing issue, by modeling the crack independently of the mesh.
By incorporating a priori known solution properties into the approximation space (F RIES
(2008)), the finite element method is thus extended to special applications like e.g. fracture
problems. The W ESTERGAARD asymptotic crack tip field is used for all nodes whose support is cut by the crack in B ELYTSCHKO & B LACK (1999). As this involves mapping the
enriched field w.r.t. the crack tip coordinate system for curved cracks, M O ËS ET AL . (1999)
propose to use a modified H EAVISIDE function to represent the jump in the displacement
field away from the crack tip. An extension to the three-dimensional case is given by S UKU MAR ET AL . (2000). The development of suitable enrichment functions for branching and
intersecting cracks is considered by DAUX ET AL . (2000) and for very short cracks by B EL LEC & D OLBOW (2003). Both approaches are introduced for two-dimensional problems.
As L OEHNERT & B ELYTSCHKO (2007a) show, the interaction of a macro crack with micro
cracks indeed greatly influences the behavior of the macro crack.
Usually, triangles and quadrilaterals constitute two-dimensional meshes and tetrahedrons
and hexahedrons are used for three-dimensional meshes, although TABARRAEI & S UKU MAR (2008) proposed a very interesting alternative in terms of arbitrary polygons for two
dimensions. After representing cracks as a sequence of line segments and triangles, the level
set method quickly became very popular for this purpose, see S UKUMAR ET AL . (2001).
Here, the crack geometry is given implicitly by storing the signed distance to the crack for
each node where it is necessary. Usually, a linear isoparametric interpolation is used. Curved
cracks can be modeled with higher-order elements, however, using these also to enforce the
partition of unity of the enrichment functions is not feasible (S TAZI ET AL . (2003)). An issue
within the level set concept is not to change the crack geometry accidentally in case of crack
propagation (S TOLARSKA ET AL . (2001)). Several remedies are presented e.g. in D UFLOT
(2007). Vector level sets are another option to describe the crack geometry, see V ENTURA
ET AL . (2003) and B UDYN ET AL . (2004) for details.
Several publications deal with crack propagation for the three-dimensional case (D UARTE
ET AL . (2001)), where a strong focus lies on accurate computation of the stress intensity
factors (M O ËS ET AL . (2002a)) and the level set update (M O ËS ET AL . (2002b), S UKU MAR ET AL . (2003) and C HOPP & S UKUMAR (2003)). Crack initiation and propagation is
considered in A REIAS & B ELYTSCHKO (2005) as well as G ASSER & H OLZAPFEL (2005).
Especially for planar cracks in a mode I environment, adequate results can be achieved, however, mode II and most of all mode III applications are still challenging. This is mostly due
to the inability of current methods to accurately compute the stress intensity factors in these
cases.
Approaches to include more material properties than plain linear elasticity into the XFEM
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emerged soon after its introduction by means of cohesive cracks (W ELLS & S LUYS (2001b)
and M O ËS & B ELYTSCHKO (2002)), where Z I & B ELYTSCHKO (2003) present a new
enrichment such that a crack can end within an element without employing the crack tip
field. Appropriate enrichment functions for confined plasticity based on the H UTCHINSONR ICE-ROSENGREN fields are developed by E LGUEDJ ET AL . (2006) for the two-dimensional
case. The plastic crack closure effect in case of crack propagation is modeled in E LGUEDJ
ET AL . (2007). Finite strain problems in terms of a Neo-H OOKE material are considered
in L EGRAIN ET AL . (2005) in a two-dimensional and by L OEHNERT ET AL . (2011) in a
three-dimensional setting.
Dynamic crack propagation has recently become a topic of increased interest. It was first
regarded by B ELYTSCHKO ET AL . (2003), who use loss of hyperbolicity as a crack propagation criterion. Current focus lies on improving the accuracy in terms of level set update
(P RABEL ET AL . (2007)), energy conservation (R ÉTHOR É ET AL . (2005) and C OMBES CURE ET AL . (2008)) and lumping strategies (M ENOUILLARD ET AL . (2008) and E LGUEDJ
ET AL . (2009)). L IU ET AL . (2011) use higher-order XFEM to reduce numerical oscillations. However, many methods in general do not yield satisfactory results comparing them
to a range of experiments. It is suggested by S ONG ET AL . (2008) that this is due to a lack
of understanding and thus adequately modeling dynamic fracture processes.
In order to avoid ill-conditioning of the stiffness matrix and an accurate integration of the
nonpolynomial crack tip field, standard G AUSS integration is not sufficient for the XFEM.
This was first observed by M O ËS ET AL . (1999), who apply triangulation considering the
crack geometry of cracked elements for integration purposes. Since then, more elaborate
techniques have been developed for the two-dimensional case, see section 6.4.2 for details.
Another problem of the XFEM is that, for a wide range of enrichment functions, including
the crack tip enrichment, the partition of unity is not fulfilled in elements which are only
partly enriched, compromising accuracy and convergence (C HESSA ET AL . (2003)). Several
remedies are possible, like e.g. using the intrinsic XFEM (F RIES & B ELYTSCHKO (2006))
or direct treatment of the affected elements. An overview is given in section 6.2.2. Also,
B ÉCHET ET AL . (2005) observe that to achieve optimal convergence rates, the same geometrical zone should be enriched for all meshes. However, this leads to an ill-conditioned
system of equations. If a problem includes enriched boundary nodes, imposing D IRICHLET
boundary conditions is not straightforward. In order to gain proper boundary conditions, the
enrichment functions can be shifted, as e.g. done by F RIES (2008). A different concept is
not to change the enrichment function but apply boundary conditions by aid of L AGRANGE
multipliers (M O ËS ET AL . (2006)) or in a least-squares sense by making use of the multiscale
method presented by L OEHNERT & B ELYTSCHKO (2007b).
Recently, D E L UYCKER ET AL . (2011) proposed to combine the XFEM with isogeometric
analysis and thus benefit from advantages of both methods.

5.7

Particle methods

Particle methods, which are popular for the simulations of granular materials, have been
applied to fracture problems in geotechnics in the last couple of years. Here, rigid elements
interacting with neighboring elements according to interaction rules, which are applied at
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points of contact, are used in the context of the Discrete Element Method (DEM) to discretize
a material. Although a variety of shapes is possible (L ILLIE (2007)), circles and spheres
for two- and three-dimensional computations are mostly used, as the speed of the contact
algorithm strongly depends on the shape of the element.
In TAVAREZ & P LESHA (2007), a failure criterion which is a function and thus independent
of the discrete element size is developed, in contrast to P OTYONDY & C UNDALL (2004),
where the failure criterion does depend on the element size. It is argued that fracture is a natural outcome of the DEM, however, several problems arise. First, applying particle methods
to quasi-static problems is cumbersome, as a time-marching procedure is used to solve the
equation of motion for each particle. Therefore, a static problem has to be made dynamic
artificially, resulting in the need for special loading algorithms (Z HAO ET AL . (2007, 2009))
and calibration of algorithmic parameters to imitate quasi-static behavior in the system (T U
& A NDRADE (2008)). Also, a crack can only initiate and grow between particles, which
makes the method inherently mesh-dependent. A very large number of particles is necessary
to allow a high number of possible crack paths. A multiscale approach was developed in
A NDRADE & T U (2009), however, this method does not consider the fact that homogenization is not applicable to localization effects. Another alternative to reduce computational
effort is to use discrete elements only in zones of interest. These zones are then coupled to
the remaining domain, which is modeled with finite elements, see e.g. C ALEYRON ET AL .
(2011) and W ELLMANN (2011).

5.8

Arbitrary Langrangian-Eulerian methods

In order to automatically optimize a mesh for a specific problem, T HOUTIREDDY & O R TIZ (2004) and M OSLER & O RTIZ (2006) vary the strain energy with respect to both the
displacement and the nodal position in the reference configuration. This method is also referred to as r-adaptivity. Here, the goal is to automatically concentrate the mesh density in
areas where a finer mesh is useful, e.g. around a crack tip. Different methods like changing
the element connectivity are employed to restrict mesh distortion. However, a nonconvex
minimization problem with a singular coefficient matrix results. By formulating the displacements as a function of the nodal positions, S CHERER ET AL . (2007) regularize the
coefficient matrix.
A slightly different argumentation is put forward by M UELLER ET AL . (2004), who use
the spurious configurational forces resulting from the finite element approximation as an
indicator for mesh quality and refine the mesh where high configurational forces occur. They
point out that, especially at singularities, refinement leads only to moderate error reduction
in the material force balance.
Another way to look at configurational forces is to view them as the driving force in the
kinetics of defects like e.g. crack propagation (M UELLER ET AL . (2002)) and consequently
develop an algorithm for crack propagation based on configurational forces (M UELLER &
M AUGIN (2002)). A method for finite deformation crack propagation is presented in M IEHE
& G UERSES (2007), where the mesh is adapted around the crack tip such that crack propagation is possible along the line of the configurational force at the crack tip. Here, the criterion
for crack propagation is given by the length of the configurational force vector, which corre-
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sponds to the value of the J-integral. An overview is given in S TEINMANN ET AL . (2009).
Studying crack kinking for the two- and three-dimensional case, respectively, M IEHE ET AL .
(2007) and G UERSES & M IEHE (2009) observe that only smooth crack kinking is possible.
A transfer of the concept to the XFEM for fracture mechanics without incorporation of the
crack tip enrichment is given in FAGERSTROEM & L ARSSON (2006). Here, a mesh dependence especially of the magnitude of the configurational forces is observed. By incorporating
the crack tip field, H ÄUSLER ET AL . (2011) reduce this effect.
The obvious advantage of applying configurational forces to fracture mechanics is that the
issue of mesh refinement around the crack tip is a natural outcome, as well as a fracture
criterion and the direction of crack propagation. However, as the configurational forces are
also a measure of mesh quality, the question remains which part of a configurational force
constitutes the driving force of a crack and which part is spurious, especially close to a crack
tip (M UELLER ET AL . (2004)). The fact that only smooth kinking is possible indicates that
the fracture process is not captured adequately.

Chapter 6
EXtended finite element method
As indicated in section 5.6, the XFEM combines the flexibility of the powerful finite element
method with the beauty and accuracy of analytical solutions, and additionally circumvents
tedious and time-consuming remeshing. The key idea is to model the geometry of the discontinuity independently of the finite element mesh. Here, level set functions as originally
developed by O SHER & S ETHIAN (1988) have proved to be convenient means since their
introduction in context of the XFEM by S UKUMAR ET AL . (2001). They are used for the
construction of enrichment functions, whereby a link between the finite element mesh and
the internal geometric boundary is provided. The level set representation for applications
considered in this work is treated in detail in section 6.1 before introducing original and
corrected enrichment functions for cracks and inhomogeneities, as well as the weak form of
equilibrium for small and finite deformations. Then, numerical issues concerning linear dependencies and integration, arising from the XFEM and diminishing its accuracy, are treated
before finally presenting a contact formulation by means of which unphysical crack closure
is prevented.

6.1

Representation of discontinuities by level sets

The level set method introduced by O SHER & S ETHIAN (1988) is in general a numerical
technique for tracking moving interfaces. However, only the static case needs to be considered in this thesis.
A discontinuity is modeled as the zero level set of a function of one higher dimension,
φ(x) = 0. Applying the level set method in conjunction with finite elements, the obvious idea is to store level set values φI at elements nodes and using these to determine φ
at any point x inside the element by finite element interpolation. With the standard finite
element shape functions as presented in equation (4.4), this interpolation is given by
φ(x) =

8
X

NI (x)φI

.

(6.1)

I=1

Application of the level set method for the modeling of cracks and material interfaces
yields that a single level set function is sufficient for the description of material interfaces
51
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and cracks which completely cut a finite element, see figure 6.1, where a two-dimensional
example is chosen for illustration. However, in order to model a crack front inside an
element, a second level set function θ is necessary. The crack front is then located at
φ(x) = θ(x) = 0 as indicated in figure 6.2. Throughout this work, the signed distance
function is used for both φ and θ.

Figure 6.1: Level set representation of a material interface or a crack completely cutting an element (2d).

Figure 6.2: Level set representation of a crack front (3d).

Remark 6.1:
The construction of nodal level set values for the representation of internal boundaries can be accomplished by a wide range of mesh generators suitable for specific problems. It is even possible to
create an XFEM mesh out of a standard finite element mesh, consisting e.g. of tetrahedral elements.
This can be desirable for some applications, as e.g. expanding a single-material problem modeled by
a standard finite element mesh to a two-material problem without changing the original geometry. A
mesh generator for this class of applications is presented in M UELLER -H OEPPE ET AL . (2012a).

6.2

Enrichment functions

Apart from distinguishing between the finite element mesh for the domain and the modeling of internal boundaries, the essence of the XFEM lies in enriching the classic finite
element approximation introduced in equation (4.2) by additional functions in combination
with partition of unity functions, for all nodes whose support is cut by a discontinuity. These
functions account for the physics imposed by the presence of internal boundaries and are
generally based on analytical solutions. The approximation of the displacements (4.2) using
trilinear shape functions is rewritten as
u(x) =

X
i∈I

Ni (x)ui +

nenr
XX
i∈I 

Ni (x)ψj (x)aji

,

(6.2)

j=1

where I is the set of all nodes, I  ⊂ I is the subset of all enriched nodes and nenr is the number of enrichment functions ψ for a specific mechanical problem. In addition to the standard
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degrees of freedom ui , degrees of freedom aji associated with the enrichment functions are
introduced. This constitutes one of the drawbacks of the XFEM, as the considered finite
element program needs to be sufficiently flexible, such that the treatment of these additional
degrees of freedom can be incorporated. Also, the system of equations to be solved is larger
and has an increased bandwidth compared to the standard FEM.

6.2.1

Standard XFEM enrichment functions

In the following, different versions of enrichment functions for material interfaces and cracks
are introduced, examining their advantages and disadvantages.
Weak discontinuities
In order to model the influence of material interfaces within a computational domain, i.e. the
jump in the strain field in conjunction with a continuous displacement field, an obvious
choice for the enrichment is the absolute value function such that
8
X
ψ1 (x) = ψ(x) = |φ(x)| =
NJ (x)φJ
(6.3)
J=1

as introduced by S UKUMAR ET AL . (2001). This enrichment is used for all elements containing the material interface, as shown in figure 6.3. However, as the value of φ steadily
increases with the distance from the interface, smoothing needs to be applied in all elements
not including the interface. For this reason, M O ËS ET AL . (2003) present a modified enrichment function
8
8
X
X
ψ1 (x) = ψ(x) =
NJ (x) |φJ | −
NJ (x)φJ
,
(6.4)
J=1

J=1

which constitutes a ridge centered on the material interface and has zero value in all elements
being composed of a single material, thus rendering smoothing unnecessary. Alternatively,
F RIES (2008) suggests to use a shift of the enrichment function
ψ1 (x) = ψ(x) =

8
X
J=1

NJ (x)φJ − |φi |

.

(6.5)

Here, the enrichment function is zero at all element nodes, such that the classic displacements
at node i can be computed directly (u(xi ) = ui ) and D IRICHLET boundary conditions can
be imposed in a straightforward manner.

Figure 6.3: Enriched nodes for a domain containing a material interface.
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Strong discontinuities
Strong discontinuities like a crack entirely splitting a finite element require modeling of
a jump in the displacement field. To this end, M O ËS ET AL . (1999) apply the modified
H EAVISIDE function

ψ1 (x) = ψ(x) = H(x) =

1 : φ(x) ≥ 0
−1 : φ(x) < 0

.

(6.6)

Along the lines of equation (6.5), the shifted H EAVISIDE enrichment is given by
ψ1 (x) = ψ(x) = H(x) − H(xi ) .

(6.7)

As for the incorporation of material interfaces, all nodes whose support is cut by the crack
are enriched.

Crack fronts
For finite elements which are not completely cut by a crack, i.e. containing the crack front,
application of the H EAVISIDE enrichment is clearly not feasible, as then, the crack geometry
would strongly depend on the discretization. In crack front elements, enrichment functions
which allow the crack to end within the element and are able to reflect the strain and stress
singularity at the crack front are a more elegant and accurate choice. Generally, the W ESTERGAARD asymptotic crack field is used as crack front enrichment, conveniently spanning
the basis of the analytical solution to the near tip asymptotic field of a three-dimensional
linear elastic fracture problem of a straight crack (see chapter 3),
ψ1 (r, ϕ) =

√

r sin

ψ2 (r, ϕ) =

√

r sin

ϕ

(6.8)

2
ϕ

sin (ϕ)
2
ϕ
√
ψ3 (r, ϕ) = r cos
2
ϕ
√
ψ4 (r, ϕ) = r cos
sin (ϕ)
2

(6.9)
(6.10)
.

(6.11)

The W ESTERGAARD functions are plotted in figure 6.4 for the two-dimensional reference
element. From the plots, it can be observed that only one of the four functions, ψ1 , actually
contains a discontinuity. Thus, ϕ1 is sufficient to model the crack in principle, while the
additional enrichment functions improve the accuracy of the solution. This advantage is accompanied by an increased size of the system of equations as well as an increased condition
number, as the enrichment functions generally lead to similar contributions to the coefficient
matrix.
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Figure 6.4: W ESTERGAARD asymptotic crack field.

The polar coordinates r and ϕ can be expressed in terms of the level set functions φ and θ,
p
r = φ2 + θ2

,

 
φ
ϕ = arctan
θ

.

(6.12)

The shifted enrichment functions are given by
ψj = ψj (x) − ψj (xi ),

(j = 1, 4) .

(6.13)

Using both jump and crack front enrichments, nodal enrichment is applied as depicted in
figure 6.5.

Figure 6.5: Enriched nodes for a domain containing a crack.
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6.2.2

Corrected XFEM enrichment functions

As can be seen from figures 6.3 and 6.5, elements within an XFEM problem can be classified
by three categories. Elements with none of their nodes being enriched are standard finite
elements, they constitute the part of the domain where the solution is sufficiently smooth not
to require any enrichment. Elements with all their nodes being enriched are able to reproduce
the enrichment function exactly and are thus called reproducing elements. However, there
exist elements with only some of their nodes being enriched. Elements which blend the
crack front enriched subdomain with the standard FE domain are called blending elements,
and they have two notable properties:
• Due to a lack to fulfill the partition of unity, the enrichment function cannot be reproduced exactly.
• Unwanted terms are introduced into the approximation, which cannot be compensated
by the standard FE part of the approximation. Thus, it is not possible to reproduce
polynomial functions up to the order of the standard FE shape functions.
The second property leads to a significant reduction of the convergence rate, if no special
treatment of the blending elements is employed for general enrichment functions, as studied in C HESSA ET AL . (2003), L ABORDE ET AL . (2005) and F RIES (2008). It is noted,
however, that for the enrichment functions given in section 6.2.1, the enrichment proposed
in equation (6.4) does not pose a problem, as here the enrichment is zero in all blending
elements. Similarly, the constant H EAVISIDE enrichment function does not require special
consideration in context with trilinear shape functions.
In C HESSA ET AL . (2003), enhanced assumed strain blending elements are introduced,
which are capable of filtering the undesired terms, as well as elements referred to as hierarchical blending elements. The latter method requires a higher order approximation within the
blending element. A smoothing technique in blending elements is introduced in S UKUMAR
ET AL . (2001) and modified in M O ËS ET AL . (2003). However, a smoothing technique is
often applicable to a particular case only and restricted to certain enrichment functions. The
point wise matching XFEM presented for two-dimensional problems in L ABORDE ET AL .
(2005) is an option to treat the blending domain such that the optimal convergence rate can
be achieved. However, this method leads to nonconforming finite elements.
An alternative approach for the two-dimensional case is presented in L ABORDE ET AL .
(2005) for triangles and F RIES (2008) for quadrilaterals, which is valid for all kinds of enrichment functions. In contrast to the standard XFEM, all nodes in blending elements are
enriched, see figure 6.6 for illustration. The standard enrichment functions are maintained in
the reproducing elements but vary continuously in the blending elements by means of a ramp
function, fading out the enrichment such that it becomes zero at all nodes which belong to
standard finite elements. This method, called the corrected XFEM in F RIES (2008), is also
extendable to the three-dimensional case, as presented in L OEHNERT ET AL . (2011).
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Figure 6.6: Blending elements and enrichments in the standard (left) and corrected (right) XFEM.

Corrected crack enrichments
In line with equation (6.2), the approximated displacement field for a crack problem can be
written in terms of
4
XX
X
X
Ni (x)ψj (x)bji ,
(6.14)
Ni (x)H(x)ai +
Ni (x)ui +
u(x) =
i∈I ∗ j=1

i∈I 0

i∈I

with I 0 ⊂ I being the subset of jump enriched and I ∗ ⊂ I the subset of crack front enriched
nodes, leaving a subset J of non crack front enriched nodes. The vectors ai and bji denote
the additional degrees of freedom associated with the jump and crack front enrichment, respectively. For the corrected XFEM, a new nodal subset J ∗ ⊂ J containing all originally non
crack front enriched nodes in blending elements is introduced. Additionally, a ramp function
ρ with the properties
i ∈ I∗ → ρ = 1
i ∈ J∗ → ρ = 0

(6.15)
(6.16)

is established, which is interpolated by the standard shape functions within an element, such
that
8
X
ρ(x) =
NJ (x)ρJ .
(6.17)
J=1

As figure 6.7 shows, the ramp function leaves the enrichment functions untouched in the
reproducing elements and sets them to zero in the standard finite elements.

Figure 6.7: Ramp function ρ multiplied with the shape functions (2d).

Now, equation (6.14) reads
u(x) =

X
i∈I

Ni (x)ui +

X
i∈I 0

Ni (x)H(x)ai +

X

4
X

i∈{I ∗ ∪J ∗ }

j=1

Ni (x)ρ(x)ψj (x)bji

. (6.18)
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Corrected reduced crack front enrichments
In F RIES (2008) and L OEHNERT ET AL . (2011), the properties of the corrected XFEM are
investigated for the two- and three-dimensional case, respectively. It turns out that although
all corrected enriched shape functions Ni (x)ρ(x)ψj are linearly independent, the stiffness
matrix is singular if all four crack front enrichment functions are applied. For the twodimensional case, the remedy to avoid this singularity is to drop appropriate equations of
the global system of equations, see F RIES (2008). In three dimensions, there is no such
straightforward choice of equations which need to be dropped to regularize the system of
equations, due to the much more complex geometry of a general crack surface and crack
front.
As the crack front enrichment functions are capable of reflecting the analytical solution
in three dimensions only for the special case of a planar crack with a straight crack front,
the advantage of using all four crack front enrichment functions becomes less significant.
Therefore, regularization of the system of equations by using a reduced set of enrichment
functions is feasible. The first crack front enrichment function (6.8) must not be dropped,
as it is the only one which is able to reflect the discontinuity in the displacement field.
Therefore, the cases of dropping one of the functions (6.9) - (6.11) and the case of using
only the first enrichment function (6.8) as in L EGRAIN ET AL . (2005) are investigated in the
following.
Remark 6.2:
It can be observed that the ramp function should not be used in context with the shifted crack front
enrichment functions (6.13), as for cracks which are not parallel to the finite element mesh, this leads
to undesired deformation modes in the blending elements for both two and three dimensions.

Numerical studies of the corrected XFEM
In order to compare the proposed regularization schemes for the system of equations, a planar
crack with its straight crack front going through the center of a cube shaped block, as depicted
in figure 6.8, is considered. Mode I, II and III fracture displacement boundary conditions are
applied to discretizations of 5 × 5 × 5, 9 × 9 × 9, 19 × 19 × 19, 39 × 39 × 39, 79 × 79 × 79
and 159 × 159 × 159 elements, where an uneven number of elements is chosen to ensure that
the crack front is always located in the center of an element. The material data is given in
terms of the shear and bulk modulus by µ = 10 MPa and K = 26.67 MPa. The L2 error Eu
of the XFEM solution u w.r.t. the analytical displacement solution uana
v
Z
u
u 1
(u − uana )2 dΩ
(6.19)
Eu = t
|Ω|
Ω

is computed and compared for a number of possibilities, namely
• a standard finite element discretization with 6, 10, 20, 40, 80 and 160 elements per
direction (st. FEM),
• the standard XFEM without ramp function and with all enrichment functions (orig.),
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• the standard XFEM without ramp function and ψ1 (red.),
• the corrected XFEM and all enrichment functions except ψ3 (corr. 3),
• the corrected XFEM and all enrichment functions except ψ4 (corr. 4),
• the corrected XFEM and ψ1 (corr. red.).
As ψ1 is the only crack front enrichment function which include the displacement discontinuity, it is not dropped. The option of using the corrected XFEM and all four crack front
enrichment functions except ψ2 is not feasible, as the system of equations remains singular.

Figure 6.8: Quadratical block with a straight crack.

In figures 6.9 - 6.11, the L2 error w.r.t. the number of elements per direction is shown for
the three fracture modes. In all cases, the XFEM performs better than the standard FEM.
The corrected XFEM shows a significant improvement compared to the original XFEM.
Here, dropping only one enrichment function (corr. 3 and corr. 4) results in a smaller error
than dropping all but one enrichment function (corr. red.) for mode I and II fracture. For
mode III fracture, the difference between the corrected XFEM versions is negligible. This
indicates that for mode III fracture, the enrichment functions which do not incorporate the
displacement discontinuity are of less importance than for mode I and II fracture.
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Figure 6.9: L2 error vs. number of elements per direction for mode I cracking.
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Figure 6.10: L2 error vs. number of elements per direction for mode II cracking.
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Figure 6.11: L2 error vs. number of elements per direction for mode III cracking.

It has to be noted, that by reducing the number of enrichments, the condition number of the
corresponding coefficient matrix decreases. Depending on the chosen iterative solver and
preconditioner this can have a significant influence on the number of iterations and thus on
the solving time required, see L OEHNERT ET AL . (2011) for further information.
Due to its superior performance compared to the other possibilities, the XFEM corr. 4 is
used in the following unless stated otherwise.
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6.3

Discretized weak form of equilibrium for the XFEM

To accommodate the additional degrees of freedom, the discrete form of equilibrium has to
be slightly modified for the XFEM. In order to retain the original structure, it is feasible to
reformulate the vectors containing the nodal values of the test function and the nodal degrees
of freedom introduced in section 4.1.2, as well as the corresponding vector of enriched shape
functions such that






ui
δui
Ni (x)

 N (x)H(x)
 a 
 δa 
i 

 i
 i 



 1 
 1 
 Ni (x)ρ(x)ψ1 (x) 
 bi 
 δbi 






(6.20)
δ ûi =  2  , ûi =  2  , N̂ i (x) = 
 .
 Ni (x)ρ(x)ψ2 (x) 
 bi 
 δbi 






 N (x)ρ(x)ψ (x) 
 b3 
 δb3 
3

 i
 i 
 i 
4
4
Ni (x)ρ(x)ψ4 (x)
bi
δbi
For the reformulated B-matrix, the definition B̂ i = grad sym N̂ i is used, resulting in a standard 6 × 3 matrix for nonenriched nodes, a 6 × 6 matrix for jump enriched nodes, a 6 × 15
matrix for crack front enriched nodes and a 6 × 18 matrix for jump and front enriched nodes.

6.3.1

Small deformation theory

Now, the discretized weak form of equilibrium, specified for eight node brick elements, can
be expressed as in equation (4.8),
ne
[

8
X

e=1 I=1


δ ûTI 


Z
Ω

T

B̂ I · σ e dΩ −

Z

N̂ I · f e dΩ −

Ω

Z

N̂ I · te d∂Ω = 0 ,

(6.21)

∂Ω

where enriched degrees of freedom are blocked for nonenriched nodes by setting appropriate
displacement boundary conditions.

6.3.2

Finite deformation theory

In L EGRAIN ET AL . (2005), fracture of rubber-like materials is investigated for the twodimensional case by means of a Neo-H OOKE material. Only the first crack front enrichment
function is used, arguing that, as the basis for the analytical solution to a straight and planar
crack in three dimensions cannot be given in an explicit form (K NOWLES & S TERNBERG
(1973, 1974)), the other three enrichment functions can be neglected. As the analytical solution for a generally curved crack front and nonplanar crack surface in the three-dimensional
case has not been found yet, this strategy is adopted for the three-dimensional case as well.
The strain energy density function given in equation (2.95) with the volumetric part (2.99c)
is used to model the material behavior.
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Due to the crack geometry being given in the initial configuration, the discretized weak form
of equilibrium for the finite deformation case is written in the initial configuration as well,

ne
[

8
X

e=1 I=1



Z
Z
Z
T
N̂ I · te0 d∂Ω = 0 .
δ ûTI  B̂ LI · S e dΩ − N̂ I · f e0 dΩ −
Ω0

Ω0

(6.22)

∂Ω0

For the matrix B̂ L , the standard definition for the initial configuration as given e.g. in W RIG GERS (2008) is extended to incorporate the enrichment functions. Thus, the B̂ L -matrix including the jump enrichment function becomes


···







=







···

∂NI
F11 H ∂X
1

∂NI
F21 H ∂X
1

∂NI
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∂NI
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···
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H
F
H
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3
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∂NI
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H
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2
3
2
3
2
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∂NI
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+ F13 H ∂X
F21 H ∂X
+ F23 H ∂X
F31 H ∂X
+ F33 H ∂X
· · · F11 H ∂X
3
1
3
1
3
1
(6.23)
where for the sake of brevity, the dependency on the coordinate x is omitted and the presence of the standard terms is indicated by · · · , concentrating on the jump enriched terms.
Including crack front enrichments leads to a 6 × 15 matrix and including jump as well as
crack front enrichments to a 6 × 18 matrix, respectively.
∂NI
F12 H ∂X
2

∂NI
F22 H ∂X
2

Evaluation of finite deformation theory within the XFEM
Comparing small and finite deformation theory for the two-dimensional case, L EGRAIN
ET AL . (2005) find that there is only a small difference in the solution. The authors point out
that this may be due to the setup of their numerical tests, the constitutive equation they use
or the restriction to the two-dimensional case.
In order to further investigate this topic, L OEHNERT ET AL . (2011) study a number of threedimensional test Case. For example, an elliptical micro crack located ahead of the crack
front of a straight, planar macro crack in a quadratical block is considered, as shown in
figure 6.12. The material data is given by µ = 10 MPa, K = 26.67 MPa and β = −2.
Uniform vertical displacements are applied to the top and bottom of the block in order to
achieve crack opening, while all other displacement degrees of freedom are blocked in these
planes. The block is discretized by a 135 × 135 × 135 mesh.
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Figure 6.12: Quadratical block including an elliptical micro crack in front of a straight macro crack.

For the three-dimensional case, commonly used measures such as the energy release rate
are not yet computable with the degree of accuracy desirable for this test. Therefore, the
crack opening of the micro crack at its center and of the macro crack a small distance behind
the crack front, scaled by the block’s height, are compared for small and finite deformation
theory w.r.t. the load level, as shown in figures 6.13 and 6.14. At a load level of 1, the
displacement on each side of the block is 0.5% of its height. The negative relative difference
between the crack openings of the macro crack for small load levels is due to the fact that
here the crack opening is larger for linear deformation theory than for finite deformation
theory. For larger load levels, the opposite is true. As for the two-dimensional example
presented in L OEHNERT ET AL . (2011), the difference between the deformation theories is
relatively small for the applied deformation. It is about 23% for a load level of 40 for the
micro crack. At a load level of about 14, which already results in a fairly large deformation,
the relative difference of the crack openings of the micro crack is about 5%.
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Figure 6.13: Crack opening of the macro crack vs. the load level comparing a linear elastic and a Neo-H OOKE
material giving the relative difference of the crack openings.
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Figure 6.14: Crack opening of the micro crack vs. the load level comparing a linear elastic and a Neo-H OOKE
material giving the relative difference of the crack openings.

Thus, the findings of L EGRAIN ET AL . (2005) that finite deformation theory does not
strongly influence crack behavior can be confirmed for the three-dimensional case and different numerical setups. Taking into account that the same enrichment functions are used
for small and finite deformation theory, and that these enrichment functions dominate the
mechanical behavior around the crack front, it is clear that the merit of finite deformation
theory in context with the XFEM mainly lies in being able to consider finite rotations.

6.4

Improvement of accuracy

Although the XFEM yields a high degree of accuracy for fracture problems, some aspects in
addition to the treatment of blending elements as presented in section 6.2.2 strongly influence
its performance in terms of being able to reproduce the analytical solutions as an indicator
for exactness. Here, two of these issues are considered in detail.
First, when only a small volume fraction of a finite element is cut off by a crack, the standard and H EAVISIDE ansatz functions are almost the same, such that the corresponding coefficients in the stiffness matrix become nearly linear dependent. An easy remedy to this
problem is to move the crack directly onto the closest node(s). The undesirable side effect is
a change of crack geometry which strongly depends on the discretization. This can be well
observed in the convergence studies presented in section 3.2 of L OEHNERT ET AL . (2011).
An alternative, maintaining the crack geometry independently of the discretization, is to apply a mesh regularization scheme which moves the node(s) belonging to the smaller volume
fraction away from the crack. Thus, a sufficient volume ratio to avoid linear dependence can
be achieved. This procedure is presented in section 6.4.1.
Second, standard G AUSS integration as introduced in section 4.1.3 is insufficient in the vicinity of a crack. For elements completely cut by a crack, an unfavorable distribution of G AUSS
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integrations points, where all integration points are located on one side of the crack, leads to
nearly the same standard and H EAVISIDE ansatz functions, irrespective of mesh regularization. Close to the crack front, the prerequisite for G AUSS integration, namely a sufficiently
smooth solution, is violated. For applications in two dimensions, a number of remedies has
been presented. The most obvious is to subdivide elements into triangles as in M O ËS ET AL .
(1999). However, as investigated in F RIES (2008), L ABORDE ET AL . (2005) and B ÉCHET
ET AL . (2005), special attention should be given to the singularity at the crack tip. By using
quadrilaterals where two nodes are collapsed, a high number of G AUSS integration points
is accumulated around the crack tip. This results in an almost polar quadrature rule. V EN TURA (2006) replaces the enrichment function by an equivalent polynomial in the stiffness
matrix for straight cracks, thus avoiding the introduction of subelements. However, crack
tip elements are not considered here. Another approach is to convert the domain integral
into an equivalent contour integral to avoid integration close to the crack tip singularity, see
V ENTURA ET AL . (2009). Recently, M OUSAVI ET AL . (2010) proposed a very interesting
method to optimize the number of G AUSS points: In combination with a generalized D UFFY
transformation, this approach promises to yield very accurate results with a relatively low
computational effort.
In three dimensions, the crack front is generally curved and the crack not planar within one
element. Additionally, the number of possibilities how an element can be intersected by a
crack greatly increases. Here, transferring the domain integral into a surface integral does not
avoid the singularity problem, as the crack front still passes through the element surface. As
a consequence, most methods presented for two-dimensional applications are not readily extendable to three dimensions. Instead, standard G AUSS integration with an increased number
of integration points is frequently used. In S UKUMAR ET AL . (2000), tetrahedrons are used
to better approximate the crack geometry, in analogy to M O ËS ET AL . (1999). The implementation of this approach for integration purposes is presented in section 6.4.2, exploiting
the level set representation of the crack in order to construct the tetrahedrons.

6.4.1

XFEM mesh regularization

In order to increase the smaller volume fraction of an element where only a small part is
cut off by a crack, it is favorable to move the node(s) belonging to that volume fraction
perpendicular to the crack. Then, the new position xnew of a node x is given by
xnew = x + k · Grad n (φ(x)) ,

(6.24)

where φ(x) is the level set function evaluated at node x and Grad n is its normalized gradient.
The user-defined scalar k introduced in equation (6.24) depends on the element size, thus
controlling the magnitude of the movement. Additionally, it contains information about
the direction of movement. Clearly, a node should be moved away from the crack surface.
Introducing the vector pointing from the element center xc to the considered node, the sign
of k is given by
sign(k) = sign((x − xc ) · Grad n (φ(x))) .
(6.25)
For illustration, figure 6.15 shows a situation where Grad n (φ(x)) does not show in the
desired direction, as indicated by the level set signs at the element nodes. In this case,
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equation (6.25) inverts the moving direction.

Figure 6.15: Determination of the favorable direction for moving elements nodes.

However, the favorable moving direction is only feasible for nodes in the interior of the
domain. For nodes on its boundary, restrictions need to be applied to maintain the domain
geometry. Thus, nodes which belong only to a single element, and thus constitute a “corner”
of the domain, may not be moved at all. As this would in general mean cutting off a small
part of the domain, resulting in the generation of a second body, this situation has to be
avoided in any event. For element nodes which are on the boundary of the domain but not
at a corner, the nS outward normals of the adjoining elements are computed, see figure 6.16
for illustration.

Figure 6.16: Outward surface normals of a nodal patch on the boundary of the domain.

Then, if
ni · nj = 1,

i, j = 1, ..., nS ,

i 6= j

(6.26)

the node is located on a planar boundary and may be moved in any direction in that plane. In
this case, equation (6.24) becomes
xnew = x + k · (Grad n (φ(x)) − (Grad n (φ(x)) · n) · n)

(6.27)

with n being any of the surface normals. If equation (6.26) is not fulfilled, the pair of normals
leading to
min (ni · nj ) , i, j = 1, ..., nS , i 6= j
(6.28)
is computed. In this case, a node may only be moved in the direction t perpendicular to the
plane defined by these two normals vectors, modifying equation (6.24) to
xnew = x + k · t .
Thus, e.g. a node on an edge of the domain is automatically moved along that edge.

(6.29)
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Finally, after moving the affected element nodes, the nodal level set values need to be updated
to maintain the crack geometry. To this end, a least-squares projection is applied, such that
Z

8
X

Ωe

I=1

NI (x)φI −

8
X
J=1

!2
NJnew (x)φnew
J

dΩ → min ,

(6.30)

where N (x) are the standard trilinear shape functions for the considered eight node brick
element and Ωe is the old element volume.

6.4.2

Numerical integration of cracked elements

Due to the complex geometry a of general crack in three dimensions, it is desirable that any
approach to improve the numerical integration of cracked elements is flexible enough handle
all possible geometries. This flexibility can be obtained by subdividing the brick element
into tetrahedrons according to the crack geometry. Here, it has to be kept in mind that the
subdivision into tetrahedrons with planar surfaces leads to accurate results only if the curvature of the crack within each element is moderate. However, since the crack front enrichment
functions are designed for small crack curvatures, the error due to the approximation of the
geometry with tetrahedrons is considered negligible for integration purposes.
Employing the level set description of the crack in order to compute the tetrahedrons is
an obvious choice, resulting in a fast as well as general algorithm. The general idea is to
first construct subelements considering the crack geometry in the reference configuration ξ
and then divide these subelements into tetrahedrons. Elements completely cut by a crack
are divided into two subelements, while elements containing the crack front are divided
into four elements, as illustrated in figure 6.17. As the construction of subelements for an
element completely cut by a crack is a special case of the procedure developed for crack
front elements, only the latter is presented in this work.

Figure 6.17: Division of a crack front element into four subelements.

In order to obtain a general method for the construction of subelements, each surface of
the brick element is divided into one, two or four subsurfaces. To this end, its edges are
traversed in counter-clockwise direction, examining the sign of the nodal level set functions
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φ and θ. As can be seen from figure 6.17, the combination of nodal level set values φI and
θI , (I = 1, ..., 8) determines to which subelement E1 to E4 a node I belongs,
E1
E2
E3
E4

= {I
= {I
= {I
= {I

∈ {1, ..., 8} | φI
∈ {1, ..., 8} | φI
∈ {1, ..., 8} | φI
∈ {1, ..., 8} | φI

≥ 0, θI
≥ 0, θI
≤ 0, θI
≤ 0, θI

≤ 0}
≥ 0}
≥ 0}
≤ 0}

.

(6.31)
(6.32)
(6.33)
(6.34)

If the sign of a level set changes along an edge, the reference coordinates of the zero point
P0φ and / or P0θ can be easily computed by linear interpolation between the nodes, and added
as an additional node to both subsurfaces and subelements.
Taking into account that a nodal level set might also be zero, this approach leads to 81
possible cases for each edge. However, two special cases need to be considered.
• If one level set remains zero along an edge, the affiliation to a subelement cannot be
determined by the information given for this edge. In figure 6.18, the nodes of the edge
in the crack plane might belong to subelement 1 or 4, depending with which surface the
edge is currently associated. In this case, the respective nodes are temporarily stored
and other nodes on the surface are called on to determine the affiliation.
• If the sign of both level set functions changes along an edge, two very different crack
geometries are possible, as can be seen in figure 6.19. In this case, the coordinates of
both zero level set points are compared w.r.t. the nodal level set values of that edge to
determine the correct case for the actual crack geometry.

Figure 6.18: Example for an element edge in the crack plane.

Figure 6.19: Example for an ambiguity if both level set signs change along an edge.
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Additionally, the points PC1 and PC2 , where the crack front intersects the surfaces of the reference brick element, have to be computed and added as nodes to the respective subsurfaces
and all four subelements. In a last step, all nodes Nφ0 and Nθ0 where φ = 0 or θ = 0 are used
to construct the surfaces of the subelements which are located in the interior of the original
brick element, and have therefore not been considered in the previous algorithm.
Remark 6.3:
To decrease the number of cases to be treated for each edge, it is also possible to first cut a crack
front element into two subelements according to e.g. the level set function φ and then again divide
these subelements according to the level set function θ. This results in a less complex but also slower
algorithm.

Although the surfaces are always traversed in a counter-clockwise direction, the connectivity
cannot be maintained in general. This is due to the insertion of nodes PC1 and PC2 towards
the end of the algorithm as proposed so far, as well as the fact that, as the geometry of the
crack is not known a priori, the nodes of the surfaces in the interior of the reference brick
element are not sorted at all. However, as these nodes should describe a convex surface with
a circumference Uφ and Uθ , respectively, a clockwise or counter-clockwise order of a number
of nodes nnφ0 or nnθ0 is achieved if
nnφ0

Uφ =
Uθ =

X
i=1
n
nθ0
X
i=1

mod(i+1,nnφ0 )

→ min ,

(6.35)

mod(i+1,nnθ0 )

→ min ,

(6.36)

ξ iNφ0 − ξ Nφ0
ξ iNθ0 − ξ Nθ0

respectively. In a crack front element, the maximum number of nodes belonging to an interior
surface is restricted to 7, while in an element completely cut by a crack, the crack surface
can at maximum be a hexagon.
The next step to construct the tetrahedrons is to compute the points representing the arithmetic mean of the nodal coordinates of each subelement and each (sub)surface, see figure 6.20 for the clearer example of an element completely cut by a crack. Note that, as the
crack is not necessarily planar, the point thus computed for the crack surface might not be
exactly on the crack surface. In order to move this point with the coordinates ξ cs onto the
crack surface, a N EWTON iteration algorithm
old
old
old
ξ new
cs = ξ cs − φ(ξ cs )grad ξ (φ(ξ cs ))

(6.37)

is applied, where grad ξ (φ(ξ old
cs )) is the normal to the crack surface w.r.t. the reference coordinates ξ.
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Figure 6.20: Construction of the tetrahedrons.

Finally, the tetrahedrons are constructed by using two points on the edges of the (sub)surface,
the (moved) arithmetic mean on that (sub)surface and the arithmetic mean of the subelement,
as depicted in figure 6.20.
Having constructed the tetrahedrons, they are now used to compute the coordinates of the
G AUSS integration points in the reference coordinates of the underlying brick element.
Comparison of integration schemes
In order to investigate the question if using more integrations points is actually worth the
effort in terms of computational time, different integration schemes are compared in terms
of accuracy and computational effort. To this end, pure mode I, II and III displacement
boundary conditions are applied to a cube containing a straight, planar crack as shown in
figure 6.21, dividing the elements with an angle to obtain a general setup. Hence, elements
are cut by the crack in an almost arbitrary way. The material data is given in terms of the
shear and bulk modulus by µ = 10 MPa and K = 26.67 MPa. In a convergence study with
4 × 4 × 4, 8 × 8 × 8, 16 × 16 × 16, 32 × 32 × 32, 64 × 64 × 64 and 128 × 128 × 128
elements, the L2 error of the XFEM displacement solution w.r.t. the analytical displacements
as defined in equation (6.19) is computed. For all tests, the corrected XFEM omitting the
fourth enrichment function is employed.

Figure 6.21: Deformed mode I, II and III configuration for an inclined crack in a cube.

Five integration configurations are compared. In all tests, 2 × 2 × 2 integration is used
for nonenriched elements. An overview of the integration of enriched elements is given in
table 6.1. Here, T indicates that tetrahedrons are used, where all G AUSS points are located
in the interior of the element and the number of integrations points in each tetrahedron is
given. In contrast, B indicates that standard brick integration is applied, giving the number
of G AUSS points in each brick. Elements at the crack front are all crack front and blending
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elements, while elements off the crack front are all other elements cut by the crack. Three
integration schemes using tetrahedrons (Int 3 to Int 5) with different emphases regarding
the number of integration points are chosen. These are compared to the widely used brick
integration with 6 × 6 × 6 G AUSS points (Int 1) and a configuration using only bricks as
well, but an increased number of G AUSS points (Int 2). For more details as to the choice of
configurations, see L OEHNERT ET AL . (2011).
Neighbor to crack element

Intersected by crack

Configuration

Off crack front

Crack front

Off crack front

Crack front

Int 1
Int 2
Int 3
Int 4
Int 5

B8
B8
B8
B8
B8

B216
B1000
B216
B1000
B1000

B216
B1000
T1
T1
T4

B216
B1000
T4
T24
T24

Table 6.1: Integration configurations.

Figures 6.22 - 6.24 show the L2 error of the XFEM displacement solution w.r.t. the analytical
solution in dependence of the number of elements in each direction for the three fracture
modes. Figure 6.25 shows the error as a function of the computational time. Here, the
plots for mode II and III are omitted, as they are barely distinguishable from figure 6.25.
The observation is that the difference between the configurations Int 3 and Int 4 is minimal,
and that a large number of G AUSS points does not improve the results. Presumably, for a
very large number of integration points, the numerical error becomes significant. For all
three fracture modes, the smallest error is achieved using Int 3. This is also the fastest
configuration, as it uses only a small number of G AUSS points for elements off the crack
front, which in general constitute the major part of enriched elements. As a consequence, Int
3 is used for all numerical examples in the following.
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Figure 6.22: L2 error vs. number of elements per direction for mode I cracking.
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Figure 6.23: L2 error vs. number of elements per direction for mode II cracking.
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Figure 6.24: L2 error vs. number of elements per direction for mode III cracking.
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Figure 6.25: L2 error vs. computational time for mode I cracking.

6.5

Contact of crack faces

In a setup with multiple, arbitrarily arranged cracks, crack closure generally occurs, independent of the load case. Even if the crack arrangement is user-defined, it is desirable to account
for crack closure in order to have a generally applicable method.
The XFEM as proposed so far in this chapter does not prevent negative crack opening displacements, i.e. crack face penetration. Figure 6.26 shows an example where a number of
micro cracks is arranged around the tip of an opening macro crack. As the magnification
shows, one of the micro cracks, which is located in the compression zone behind the tip
of the macro crack, closes, such that the crack faces penetrate. In order to circumvent this
unphysical behavior, crack closure needs to be detected and prevented by an appropriate
contact formulation. Clearly, highly sophisticated models for different kinds of contact can
be implemented, allowing for a wide range of materials to be represented, as e.g. contact of
rough crack faces, see R EINELT (2008).

Figure 6.26: Micro- / macro crack interaction with unphysical crack face penetration.
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In context of the XFEM for fracture mechanics, most contact formulations which have so
far been developed are restricted to two-dimensional applications. Here, D OLBOW ET AL .
(2001), E LGUEDJ ET AL . (2007) and R IBEAUCOURT ET AL . (2007) use interface elements
to model frictional contact. L IU & B ORJA (2008) and L IU & B ORJA (2009) implement a
penalty formulation for triangular elements, where the relative slip of the crack faces is used
for the contact formulation. In L IU & B ORJA (2010), this concept is extended to finite deformation applications with a contact search exceeding the dimension of a single element. As
M O ËS ET AL . (2006) discuss, using the XFEM formulation to directly impose D IRICHLET
boundary conditions at a crack face might lead to severe locking behavior, depending on
the element geometry. Locking does not occur for quadrilaterals, which are used in G INER
ET AL . (2010) for a segment-to-segment approach. This method is capable of generating
very accurate results for the crack face displacements. Locking can be prevented by paying
special attention to the selection of nodes considered in the formulation or by regarding contact as an interface law, as in G ÉNIAUT ET AL . (2007), N ISTOR ET AL . (2009) and S IAVELIS
ET AL . (2010), where a hybrid XFEM element for contact is introduced and extended, respectively. In these contributions, a sophisticated algorithm is developed for the selection
of L AGRANGE multipliers in two and three dimensions, thus avoiding an overconstrained
system. P IERRES ET AL . (2010) link crack contact to the global problem in a weak sense by
means of a H ELLINGER -R EISSNER variational principle. This method is implemented for
planar cracks in three dimensions, where tetrahedrons are chosen for discretization.
The goal of this work is to find a contact formulation for crack faces in a three-dimensional
setting, using hexahedral elements for discretization. Compared to tetrahedrons, a hexahedral element can be cut by a crack in a much larger number of ways. Thus, the focus here
is not on implementing a sophisticated contact formulation, preventing crack face penetration is regarded sufficient. The objective is rather to achieve a geometrical setup serving as
a framework for more general contact models, including finite deformation theory. Additionally, the contact formulation aims to be easy to implement within the existing XFEM
framework. To this end, introducing additional degrees of freedom at the crack surface and
thus unsettling the structure of an existing code, needs to be avoided.
In the following, an overview of the contact formulation is presented. For a thorough review on contact mechanics in general, the reader is referred e.g. to W RIGGERS (2006) and
W RIGGERS & L AURSEN (2008). Then, it is illustrated how the tetrahedrization presented
in section 6.4.2 can be employed for the discretization of the contact surface. Finally, section 6.5.3 shows how the contact formulation can be implemented with minimum impact on
the existing code structure.

6.5.1

Contact formulation

In general, contact has to be formulated in terms of the current configuration, as points which
occupy distinct positions in the initial but the same position in the current configuration are
considered. This also applies to small deformation theory.
To formulate the contact constraints, the normal distance between the crack faces ∂Bc1 and
∂Bc2 , also known as the normal gap gN , is computed. It is expressed in terms of the displacement u1 of a point with the position x1 , its outward normal to the crack face n1 and the
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displacement u2 of a point with the position x2 located on the other crack face in direction
of n1 , as illustrated in figure 6.27, such that

(6.38)
gN = u2 − u1 · n1 .

•

•

Figure 6.27: Contact constraint between crack faces.

The crack faces being in contact corresponds to gN = 0, while gN < 0 leads to unphysical
crack face penetration. If the crack faces are in contact, a normal pressure pN in the contact
zone results. These observations can be combined to
gN ≥ 0,

pN ≥ 0,

gN pN = 0

on

∂Bc

,

(6.39)

which are also known as the H ERTZ -S IGNORINI -M OREAU conditions in contact mechanics.
Now, the contact conditions need to be considered in the variational formulation. No constitutive relation for the contact pressure pN is established, as the goal of the approach is only
to enforce the geometrical constraint gN ≥ 0. Assuming the contact area to be known, the
weak form of equilibrium (2.118) including normal contact can be rewritten as
Z
Z
Z
Z
g (u, δu) = σ : grad (δu) dv− f ·δu dv− t·δu da+ pN δgN da = 0 , (6.40)
B

B

∂B

∂Bc

|

{z
Cc

}

where the penalty method is applied, such that the normal contact pressure can be expressed
in terms of pN = N gN . Here, N represents the penalty parameter, which can be interpreted as a spring stiffness in the contact interface. The penalty method allows for a small
penetration of the crack faces, the physical equivalent to the compression of a spring, see
W RIGGERS (2006) for details. The penetration depends on the penalty parameter, fulfilling the contact constraints only in the limit N → ∞. Obviously, a high penalty parameter
leads to a small penetration. However, it also increases the condition number of the resulting system of equations, thus impairing its convergence behavior. Consequently, the penalty
parameter has to be chosen with care.
As the deformed geometry is considered to compute the contact conditions, the last term in
equation (6.40) is nonlinear in terms of the displacement u, even in case of small deformation theory. Therefore, it needs to be linearized such that the N EWTON -R APHSON scheme
introduced in section 4.1.2 is applicable. Formally, the linearization of the contact term Cc
leads to
Z
∆Cc =
N (∆gN δgN + gN ∆δgN ) dA ,
(6.41)
∂Bc
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which depends on the discretization of the contact surface and the desired convergence behavior of the N EWTON -R APHSON method.

6.5.2

Contact surface discretization

For the contact surface discretization, the obvious approach is to employ the tetrahedrization
of cracked elements as introduced in section 6.4.2, as here, the crack surface is discretized
along the way of constructing the tetrahedrons. For nonplanar cracks, this approach only
yields an approximation of the crack geometry, however, the triangles can be refined if desired.
Based on this crack surface discretization, an established contact formulation like node-tosegment contact can be applied. Thus, numerical problems which are apparently XFEMrelated, like the locking behavior observed in M O ËS ET AL . (2006), can be avoided. Additionally, the formulation is kept flexible for the incorporation of more advanced contact
models.
Here, node-to-segment (NTS) contact as examined in detail in W RIGGERS (2006) is used.
In contrast to standard contact mechanics, where two distinct bodies (master and slave) are
considered, only one single body exists in case of crack face contact. Thus, instead of defining a master and a slave body, a master and a slave crack face are defined, where the choice
is arbitrary. Based on this definition, contact of a slave node with coordinates x2 to a master
triangle defined by the points x11 , x12 and x13 is considered, as depicted in figure 6.28. Opposed to the definition of the normal gap given in equation (6.38), the outward normal at the
slave node is employed, such that

gN = u1 − u2 · n2 .
(6.42)
In the converged state, both definitions yield the same result.

•
•

Figure 6.28: Node-to-segment contact.

The slave nodes are simply given by the points defining the triangles discretizing the crack
surface. It has to be noted that, as the continuum equations imply contact at the crack front,
care has to be taken not to include points located at the crack front into the contact formulation. Applying contact constraints at the crack front would overdetermine the mechanical
system and thus lead to a singular system of equations.
Then, for all slave nodes i which are not located at the crack front, the outward normal to
the crack face n2i is computed as the average of the normals of the nS adjoining triangles
discretizing the crack surface,
nS
1 X
2
ni =
nj .
(6.43)
nS j=1
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The normal vectors can be easily determined as the cross product of two of the triangle
edges. Clearly, for all nodes except the one located in the center of the crack face within a
hexahedral element, triangles describing the crack surface in the neighboring brick elements
have to be considered as well.
In the next step, the penetration point x1 of ni w.r.t. the master crack face is determined by
solving
 1




xj2 − x1j1
x1j3 − x1j1
ni · αj = x2i − x1j1
(6.44)

 1



(6.45)
xj3 − x1j2
x1j1 − x1j2
ni · β j = x2i − x1j2
for each master triangle j in the vicinity of slave node i. The vectors αj and β j introduced in
equation (6.45) contain the coordinates of x2i within the parallelepipeds defined by two edges
of the master triangle and ni , see also M UELLER -H OEPPE ET AL . (2012a) for illustration.
Whether a triangle is to be considered in the vicinity of slave node i, depends on the problem
at hand, e.g. if small or finite deformation theory is applied. Then, if
0 ≤ αjk ≤ 1, k = 1, 2
0 ≤ βjk ≤ 1, k = 1, 2 ,

(6.46)
(6.47)

the normal ni intersects a triangle and


x1j = x1j1 + αj1 x1j2 − x1j1 + αj2 x1j3 − x1j1

.

(6.48)

Finally, the triangle containing the penetration point which leads to a minimum absolute
value of the normal gap gN is chosen as master segment in case gN ≤ 0.
With the proposed discretization of the contact surface, the linearization of the contact term
Cc , as generally given in equation (6.41), can be specified. In order to obtain an uncomplicated formulation, all nonlinear terms are dropped, noting that this results in the N EWTON R APHSON scheme not to converge quadratically. Then, equation (6.41) can be written in
terms of
Z
∆Cc ≈
N ∆gN δgN d∂Ω .
(6.49)
∂Ωc

The variation of the normal gap is given by


δgN = δu1 + aα δξ α − δu2 · n2 + u1 − u2 · δn2 ,

α = 1, 2 .

(6.50)

Here, aα are the tangent vectors at point x1 in terms of the convective coordinates ξ to the
master surface, as illustrated in figure 6.29.

Figure 6.29: Convective coordinates and tangent vectors of the master surface.
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As δn2 is perpendicular to (u1 − u2 ), the second term in equation (6.50) is equal to zero.
Generally, the same is true for the tangent vectors to the master surface and the normal
vector. However, as n2 is used, this only holds for the converged state. Due to the term
being nonlinear, it is omitted regardless, resulting in

δgN = δu1 − δu2 · n2

.

(6.51)

The linearization and the variation of the gap gN exhibit the same structure, such that exchanging the variations δu1 and δu2 by the linearizations ∆u1 and ∆u2 yields

∆gN = ∆u1 − ∆u2 · n2

.

(6.52)

Finally, δgN as well as ∆gN are inserted into the contact term Cc of the weak form (6.40)
and its linearization (6.49), leading to
Z

Cc =
N gN δu1 − δu2 · n2 d∂Ω
(6.53)
∂Ωc

and
∆Cc ≈

Z

 


N δu1 − δu2 · n2 ⊗ n2 · ∆u1 − ∆u2 d∂Ω ,

(6.54)

∂Ωc

respectively. The detailed derivation of node-to-triangle contact including the nonlinear
terms is presented in PARISCH (1989), where also the matrices for the finite element approximation are given.

6.5.3

Contact element implementation

In the preceding section, triangles describing the crack surface are used for the contact formulation. However, the nodes constituting these triangles do not exist within the hexahedral
XFEM formulation. Thus, additional degrees of freedom are introduced, violating the demand that the existing program structure should not be changed. A remedy to this problem
is to rewrite the contact formulation in terms of the hexahedral element nodes.
This can be achieved by determining the reference coordinates ξ within the underlying hexahedral element for each slave node i as well as the corresponding penetration point on the
master triangle, which can then be inserted into the XFEM shape functions. The slave nodes
are already given in terms of the reference brick element, however, as equation (6.48) shows,
the penetration points are given in terms of the reference coordinates of the master triangle. Nevertheless, the reference coordinates of the master triangle nodes ξ Tk ; (k = 1, 2, 3)
w.r.t. the brick element are known from the tetrahedrization, such that the XFEM shape
functions NB can be evaluated for these coordinates for all standard shape and enrichment
functions l and all brick nodes m. Then,
NBklm (ξ T ) = Nlm (ξ Tk ),

k = 1, 2, 3; l = 1, ..., nenr + 1; m = 1, ..., 8 .

(6.55)
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These shape functions are combined with the standard shape functions for a linear triangle
as depicted in figure 6.30, given by
NT1 (ξ 1 ) = 1 − ξ − η

(6.56)

NT2 (ξ 1 ) = ξ
1

NT2 (ξ ) = η

(6.57)

.

(6.58)

The reference coordinates of the penetration point in terms of the triangle ξ 1 are calculated
from the parameters α1 and α2 used in equation (6.47). This finally results in the XFEM
brick shape functions evaluated for the penetration point being
1

NBlm (ξ ) =

3
X

NBklm (ξ T )NTk (ξ 1 ),

l = 1, ..., nenr + 1; m = 1, ..., 8 .

(6.59)

k=1

Figure 6.30: Reference linear triangle.

The discretized versions of the weak form given in equation (6.53) and the linearization given
in equation (6.54) can be expressed in terms of
ˆ
ˆ T N gN AÑ
Cc ≈ δ ũ
ˆ T ∆ũ
ˆ Ñ
ˆ T  AÑ
ˆ
∆C ≈ δ ũ
c

(6.60)
(6.61)

N

for each slave node on the crack surface which is in contact. Here, the area of the master
triangle containing the penetration point is denoted by A. Similarly to standard node-toˆ and ∆ũ
ˆ comprise the variation and linearizasegment contact formulations, the vectors δ ũ
tion, respectively, of the nodal degrees of freedom for the hexahedral element in which the
master triangle is located, as well as the nodal degrees of freedom for the hexahedral element
in which the slave node is located. The shape function vector is given by


N̂Ii (ξ 1 )n2
ˆ
Ñ =
,
−N̂Jj (ξ 2 )n2
I = 1, ..., 8; i = 1, ..., nenr (I) + 1; J = 1, ..., 8; j = 1, ..., nenr (J) + 1

.

(6.62)

Without any restrictions like small deformation contact, this formulation results in a 16 node
contact element. For the special case that contact occurs within one hexahedral element,
the nodal sets I and J are the same. Thus, the proposed element is able to handle contact
between any two underlying brick elements, which is essential for an application to finite
deformation theory.
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As the finite element program FEAP, into which the XFEM is incorporated within this work,
is able to manage the case that a specific node is contained in the set I as well as the set J,
no special elements with a number of nodes per element ranging between 8 and 16 need to
be implemented. The contact formulation is included such that elements can be generated
and deleted on the fly. Thus, suitable contact elements are created when crack face contact is
detected within a standard XFEM problem. During the iterative solution process, the list of
contact elements is updated whenever the normal projection of a slave node onto the master
crack surface changes in such a way that the new master triangle is located within a different
hexahedral element than in the previous iteration step.
Summarizing, the proposed crack face contact formulation is indeed easily extendable to
finite deformation contact. By projecting the nodes which constitute the contact surface onto
the nodes of the underlying hexahedral elements, contact can be applied as an additional tool
within standard XFEM computations, without touching the original program structure.

6.5.4

Numerical studies of crack face contact

The proposed contact formulation is evaluated by means of two numerical examples. A
patch test is considered as a straightforward problem to test if the nonpenetration condition
is fulfilled. Additionally, is serves as a means to check for locking behavior by comparison to
an equivalent standard FE problem. Then, a curved crack under compression is investigated
in order to study the performance for nonplanar cracks intersecting elements in an arbitrary
manner. In context of this numerical example, the convergence behavior of the N EWTONR APHSON scheme is examined.

Contact patch test
The contact formulation is validated by applying compression in terms of a uniform displacement in vertical direction to the top of the cube shown in figure 6.8, while all nodes at
its bottom are fixed. A mesh with 21 × 21 × 21 elements is used, the material data is given
by µ = 10 MPa and K = 26.67 MPa. The penalty parameter is set to N = 104 .
Figure 6.31 shows the deformed cubes, computed with the XFEM without and with crack
face contact. It can be observed that the proposed contact formulation is capable of preventing crack face penetration, thus achieving its main goal.
Figure 6.32 shows the same setup. Here, the vertical normal stresses σzz are shown for both
the XFEM problem including crack face contact and an equivalent standard FE problem
with the same discretization, material data and displacement boundary conditions. As in the
nonenriched elements of the XFEM problem, standard trilinear eight node brick elements
are used. Clearly, the stress distribution is identical in both cases. Although not depicted
here, this is also the case when a cut through the interior of the cube is considered or other
stress components are examined. These stress plots show that locking does not occur for the
proposed contact formulation.
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Figure 6.31: Penetration (left) and enforcement of nonpenetration condition (right).

Figure 6.32: σzz stress for the XFEM (left) and the standard FE problem (right).

Curved crack under compression
To investigate whether the proposed contact formulation is able to allow for nonplanar crack
geometries, a cube containing a curved crack is considered. The crack geometry is based on
a cylindrical shell, where part of the cylinder is shown in figure 6.33 for illustration. Two
discretizations are compared, with 10 × 10 × 10 and 20 × 20 × 20 elements. The load and
material data are the same as for the previously examined patch test.
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Figure 6.33: Cube containing a crack matching a cylinder shell.

Figure 6.34: Deformed configuration for an inclined, nonplanar crack with compressive loading using
10 × 10 × 10 (left) and 20 × 20 × 20 (right) elements.

As can be observed in figure 6.34, a shear deformation with relative displacement of the
crack faces in tangential direction results from the crack’s inclination. As for the contact
patch test, penetration of the crack faces is mostly prevented. However, as indicated by the
black triangle in the magnification, the node on the upper crack face penetrates the lower
crack face for the coarse mesh, which is not the case for the finer mesh. This effect is
due to the nonpenetration condition not being enforced everywhere on the crack face when
node-to-segment contact is applied. Clearly, improvement can be obtained by using a finer
mesh, meaning that the formulation converges to fulfillment of the nonpenetration condition.
However, using refinement as a remedy to this problem is rather unsatisfactory, especially
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as the XFEM in general does not need a large number of elements to yield accurate results.
Instead, implementing a more sophisticated contact formulation, like the mortar method for
contact, is a much more elegant alternative. For details on the mortar method, see e.g. S IMO
ET AL . (1985), M C D EVITT & L AURSEN (2000), F ISCHER & W RIGGERS (2005), F ISCHER
& W RIGGERS (2006) and H ÜEBER ET AL . (2007).
The load resulting in the deformation shown in figure 6.34 is applied in 18 evenly sized load
steps, using a direct solver. Trying to apply the load in larger steps leads to divergence.
Figure 6.35 shows a plot of the residual norm w.r.t. the total number of iterations. Neglecting
all nonlinear terms, convergence is observed to be superlinear.
For further details on possible improvements and extensions of the contact formulation for
crack face contact, see M UELLER -H OEPPE ET AL . (2012b).
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Figure 6.35: Convergence of contact formulation for an inclined, nonplanar crack.
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Chapter 7
Multiscale approach
In some brittle materials, like e.g. ceramics, the crack propagation behavior of a macro crack
strongly depends on the micro structure. During the crack propagation process, micro cracks
nucleate around the front of a macro crack. These micro cracks significantly influence the
stress field in the vicinity of the macro crack front, leading to crack shielding and crack
amplification, depending on their position and orientation. It has been shown by L OEHNERT
& B ELYTSCHKO (2007a), that in some shielding cases one of the micro cracks propagates
instead of the macro crack. Also, the macro crack might coalesce with micro cracks or
change its propagation direction due to the presence of micro cracks. Consequently, micro
cracks have to be considered in order to adequately model the behavior of some materials.
However, as micro cracks are usually orders of magnitude smaller than macro cracks, a very
fine mesh is necessary for their representation in the model. Therefore, a singlescale analysis
of such a problem would require extreme local mesh refinement in the vicinity of the macro
crack front, leading to ill-conditioned systems of equations and high computational cost.
Multiscale methods, which have experienced an enormous increase in popularity in the last
two decades, present an attractive alternative.
In the following, some widely used multiscale methods are introduced before focusing on
multiscale methods which are especially suited for fracture applications. Then, the XFEM
multiscale approach employed in context of this work is presented before applying it to a
number of numerical examples.

7.1

Existent multiscale methods

As G EERS ET AL . (2010) point out, multiscale methods have achieved an increasingly multidisciplinary character in the last years. Many of them have their origin in the demand to
model inhomogeneous materials like concrete or fiber composites. Lately, multiscale methods focusing explicitly on localization phenomena like fracture have encountered more and
more interest in conjunction with the advance of numerical methods for fracture mechanics.
85
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General multiscale methods

During the 1990s, increasing computer power led to the desire to adequately model fine
scale features important to the overall behavior of a structure, and at the same time circumvent the problem that a brute force singlescale analysis was (and is) in general not possible,
and due to the large data output might not even be desirable, as pointed out in Z OHDI &
W RIGGERS (2001). This resulted in different multiscale concepts based on separation of
scales between the structure and its fine scale properties. Examples are variational multiscale methods, where the near field and far field solution are coupled by a variational formulation as in H UGHES (1995), and which have been extended to be able to deal with a
wide range of applications like nonlinear problems, see e.g. T ERADA & K IKUCHI (2001)
and M IEHE & BAYREUTHER (2007). In order to save computational effort, Z OHDI ET AL .
(1996) and O DEN & Z OHDI (1997) estimate the error when homogenized material properties are used, and only compute the more accurate fine scale material properties if the local
error is above a certain limit. The FE2 method introduced by F EYEL & C HABOCHE (2000)
follows a different focus regarding computational effort. Here, a finite element problem
with microscopic features is solved at each macroscopic G AUSS point, such that no macroscopic material model is necessary. Although parallel computing is an obvious approach in
this case, significant computational resources are required. Domain decomposition methods
follow another principle. The computational domain is subdivided, such that finer meshes
or different models can be used in regions of special interest and then glued to the model
which is used for the overall structure e.g by L AGRANGE multipliers (FARHAT (1991)) or
the A RLEQUIN method (B EN D HIA & R ATEAU (2005)). Recently, the coupling of atomistic
to continuum models within a multiscale context has received increasing interest (X IAO &
B ELYTSCHKO (2004) and C HEN & F ISH (2006a,b)), as well as the treatment of structures
without scale separation. Here, extensions of the above mentioned methods are exploited, as
e.g. in F EYEL (2003) and KOUZNETSOVA ET AL . (2002) or Z OHDI & W RIGGERS (2001),
who perform statistical studies on micro heterogeneous materials. Also, new approaches
are introduced, see e.g. M IEHE & BAYREUTHER (2007) for a multigrid method or F ISH &
Y UAN (2005) for enrichment of the coarse scale with fine scale features.
An overview highlighting the benefits and limitations of general classes of multiscale methods is given in G EERS ET AL . (2010).

7.1.2

Multiscale methods for fracture mechanics

As indicated by G EERS ET AL . (2010), many of the multiscale methods introduced in section 7.1.1 are not suitable for fracture applications. This is due to the fact that they are based
on standard homogenization techniques using a representative volume element (RVE). The
RVE has to be chosen such that it is large enough to be statistically representative, but at
the same time has to be orders of magnitude smaller than the structure. This concept breaks
down in case of localizing phenomena, since the averaging of deformation and stress measures smears the localizing effect, making the RVE behavior strongly dependent on the averaging domain and its size. Therefore, representativeness of the RVE cannot be maintained,
as pointed out by L OEHNERT & M UELLER -H OEPPE (2008). Generally, this coincides with
loss of material stability. Unfortunately, the limitations of RVE-based multiscale methods
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regarding localizing effects is frequently ignored in literature, as criticized by G EERS ET AL .
(2010).
Recent progress in the field of computational fracture mechanics has led to the desire to find
remedies to the inapplicability of a great number of established multiscale methods to problems involving cracks or other localizing phenomena. Consequently, a number of multiscale
approaches especially suited for fracture applications emerged, mostly in the last decade.
Some of these methods overlay meshes, representing cracks only at fine discretizations, see
F ISH ET AL . (1994) for an early example, where special measures have to be taken to ensure regularity of the stiffness matrix, and numerical integration is not straightforward in the
general case. R ANNOU ET AL . (2009) employ a local multigrid strategy to couple meshes
on different scales, an approach which takes advantage of the benefits inherent to multigrid
methods regarding smoothing of the solution, while B EN D HIA & JAMOND (2010) employ
the A RLEQUIN framework to connect the coarse and fine scale meshes. Another option is to
enrich the coarse scale with the fine scale solution, as e.g. in K IM ET AL . (2011). Alternatively, the domain can be decomposed without any overlap of meshes, using e.g. L AGRANGE
multipliers for the coupling of regions with different discretizations, as in M ERGHEIM (2009)
and PASSIEUX ET AL . (2011), as well as communication between scales by displacements
or forces recovered from the fine scale domain which are then applied to the coarse scale,
see G UIDAULT ET AL . (2008).

7.2

XFEM multiscale projection method

Similar to the multiscale approaches introduced in section 7.1.2, the method employed in
this work exploits the separation of scales inherent to a problem involving macro cracks as
well as micro cracks, which are several orders of magnitude smaller. On the macro scale,
apart from the macro cracks, the overall effect of the micro cracks is considered by a projection of the fine scale stress field. On the micro scale, crack interaction is modeled in
detail accounting for both macro- and micro cracks. Developing such a method in a way
that fine scale computations can be executed independently of the coarse scale computation
opens the way for parallelization. Thus, high efficiency can be obtained, as pointed out by
L OEHNERT & B ELYTSCHKO (2007a) in context with the two-dimensional version of the
proposed multiscale method. As presented in L OEHNERT & B ELYTSCHKO (2007a) for the
two-dimensional and in L OEHNERT & M UELLER -H OEPPE (2008) for the three-dimensional
case, it is formulated within the framework of the XFEM.
Below, the basic assumptions and equations of the multiscale projection method are introduced and their discrete form is given. Then, a projection of boundary conditions suitable to
handle enriched degrees of freedom is presented before summarizing the solution procedure.
For the sake of clarity, the approach is presented for two scales, although it is extendable to
an arbitrary number of scales.

7.2.1

Basic assumptions and variational formulation

As mentioned above, the main idea of the proposed multiscale method is that problems to
which it is applied contain two scales of behavior. The coarse scale is denoted by l0 and
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the fine scale by l1 , where due to separation of scales, i.e. that the fine scale features are
significantly smaller than the coarse scale features, l1  l0 . The domain of the structure
under consideration is denoted by Ω0 , with its D IRICHLET and N EUMANN boundary ∂Ω0u
and ∂Ω0t , respectively. The domain Ω0 consists of parts which are not influenced by the fine
scale behavior and by parts Ω1 ⊂ Ω0 where the fine scale behavior has to be taken into
account, see figure 7.1 for illustration. Furthermore, it is assumed, that along the boundary
of the fine scale domain ∂Ω1 as well as Ω0 \ Ω1 , the fluctuations of the fine scale variables
are negligible. The coarse scale considers only cracks which are larger than a typical finite
element, while the fine scale accounts for macro- as well as micro cracks to provide for a
detailed analysis of crack interaction.

Figure 7.1: Coarse scale Ω0 and fine scale Ω1 .

For the coarse scale displacements u0 , a standard XFEM formulation as in equation (6.18)
is used. In Ω1 , the displacement u1 is a combination of the coarse scale displacement field
and the fine scale fluctuations ū1 , such that
u1 = u0 + ū1

.

(7.1)

Like on the coarse scale, the micro displacement field ū1 is written in terms of equation (6.18).
In order to express the weak form of equilibrium on the macro- and micro scale, the respective test functions δu0 and δu1 are defined using the XFEM ansatz for fracture problems. It
is assumed that
δu0 = 0
δu1 = 0

on ∂Ω0u
on ∂Ω1 .

(7.2)
(7.3)

The weak form of equilibrium on the macro scale reads
Z
Z
Z


0
0
0
1
0
0
g u , δu = σ u + ū : grad δu dΩ− f ·δu dΩ− t·δu0 d∂Ω = 0
Ω0

Ω0

. (7.4)

∂Ω0t

Thus, the influence of the fine scale behavior is incorporated on the coarse scale by means of
projecting the fine scale stresses.
The weak form of equilibrium on the micro scale is given by
Z
Z


1
1
0
1
1
g u , δu = σ u + ū : grad δu dΩ − f · δu1 dΩ = 0 .
(7.5)
Ω1

Ω1
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Since it is assumed that ū1 = 0 on the entire boundary of the fine scale domain, the boundary
conditions for equation (7.5) are pure D IRICHLET boundary conditions and given by
u1 = u0

7.2.2

on ∂Ω1

.

(7.6)

Discretization

The macro scale domain Ω0 is subdivided into elements Ω0e , while the micro scale domain
Ω1 elements are matching the elements Ω0e , as illustrated in figure 7.2 for a two-dimensional
example for the sake of clarity.

Figure 7.2: Coarse scale and fine scale discretization.

Note that, as the micro cracks are defined in terms of nodal level set values on the fine scale
mesh, a projection of their level set fields is necessary in case of using the mesh regularization algorithm introduced in section 6.4.1. As indicated in figure 7.3, the fine scale mesh
used for the computation is based on the regularized macro element geometry to ensure mesh
congruence. However, this geometry is not yet known in the mesh generation process, such
that the level set fields of the micro cracks in terms of the regularized mesh cannot be determined at this stage. Consequently, in order not to change the location and geometry of the
micro cracks, the nodal positions of the regularized fine scale mesh in terms of the original
fine scale mesh are determined. Then, the projection of the level set fields can be easily
obtained by evaluating the standard shape functions.

Figure 7.3: Original (regular) and regularized (distorted) fine scale mesh.

As the coarse and fine scale domain are treated separately, the fine scale only provides the
stress field for the coarse scale, see equation (7.4). Therefore, there is no need to discretize
ū1 . Instead, u1 is discretized directly using the standard XFEM ansatz as given in equation (6.18). Following the notation introduced in section 6.3, the discretized displacement
field is then given by
nin
X
i
ui =
N̂ I · ûiI ,
(7.7)
I=1
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i

where i indicates the scale, nin is the number of nodes on each scale and the vectors N̂ I and
ûiI contain the shape functions and degrees of freedom for each node on scale i, respectively.
The discretized weak form of equilibrium on the macro scale then reads


Z
Z
Z
n0e 8
[X
T

0
0
T 

N̂ I · te d∂Ω = 0 .
δ û0I  Bˆ0I · σ e u0 + ū1 dΩ − N̂ I · f e dΩ −
e=1 I=1

∂Ω0e

Ω0e

Ω0e

(7.8)
Here, in the domain Ω \ Ω the stresses only depend on the macro displacement field due
!
to the assumption ū1 = 0. In the domain Ω0 ∩ Ω1 the stresses depend on the fine scale
displacement field, which is obtained from the discretized weak form of equilibrium on the
micro scale


Z
Z
n1e 8
[X
T

1
T 

δ û1I  Bˆ1I · σ e u1 dΩ − N̂ I · f e dΩ = 0 ,
(7.9)
0

e=1 I=1

1

Ω1e

Ω1e

where the traction term is dropped, as only D IRICHLET boundary conditions are applied to
the fine scale problem.
In the domain Ω0 \ Ω1 of the macro scale problem, the integration scheme presented in
section 6.4.2 is used. For all parts of the structure Ω0 ∩ Ω1 containing a micro domain, the
congruence of the finite element meshes is exploited by using
1

Z
(·) dΩ =
Ω0e

ne Z
X
j=1

(·) dΩ

,

(7.10)

Ω1je

where for the fine scale the proposed XFEM integration scheme is applied as well. In order to
speed up the integration process on the macro scale, it is feasible to use averaged quantities
for each micro scale element instead of considering each micro scale G AUSS integration
point.

7.2.3

Projection of boundary conditions

As stated in equation (7.6), the boundary conditions for the fine scale domain are given by
the coarse scale displacement field, such that
u1 = u0

on

∂Ω1

(7.11)

in the discrete form. Even though the meshes on the macro- and micro scale are congruent,
the enrichment functions of the coarse and fine scale displacement fields vary. Therefore, the
nodal displacement boundary conditions on the fine scale domain cannot be determined by
aid of the standard shape functions in general. Instead, a least-squares projection is used to
compute the proper nodal displacements, which is given by
 1
  1

Z X
nn
n0n ⊂n1n
nn
X
X
1
0
1

N̂ I · û1I −
N̂ J · û0J  · 
N̂ M · δ û1M  dΩ = 0 . (7.12)
Ω1

I=1

J=1

M =1
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Here, the integration needs to be performed over the entire micro scale domain although the
nodal displacements are only required along its boundary. However, restricting the projection
to boundary nodes might lead to the situation depicted in figure 7.4, where nodes A and B are
enriched due to the presence of the macro crack. As the crack does not intersect the element
edge between these nodes, their enriched degrees of freedom are linearly dependent on the
standard degrees of freedom, resulting in a singular projection matrix.

Figure 7.4: Nodal enrichments at the boundary of the fine scale domain.

Unfortunately, the proposed projection method requires solving an additional system of
equations. However, as the displacements of nonenriched nodes can be easily determined
by inserting the nodal displacements of the corresponding macro element nodes into the
standard and enriched shape functions, the system of equations can be reduced significantly,
such that only the enriched nodes are considered.

7.2.4

Solution procedure

The solution procedure is composed of alternately solving the mechanical problem on the
coarse and fine scale domain, using the coarse scale solution as displacement boundary conditions for the fine scale and projecting the fine scale stresses and tangent operator onto the
coarse scale. The algorithm on the element level is shown in summary 7.1, where for the
sake of clarity, a linear elastic material is considered. An extension to finite deformation theory and nonlinear material models like crack face contact is given by replacing step 4 with
the corresponding N EWTON -R APHSON scheme as introduced in section 4.1.2 and using the
geometrically consistent linearization of the weak form and a consistent tangent operator D
in step 2.
In case of multiple, nonassociated fine scale domains, the respective fine scale computation
can be easily solved in parallel.
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1. Initialize
k = 0, û0,k = 0,

û1,k = 0,

e

σ 0,k = 0,

e

σ 1,k = 0

2. Solve on macro scale
0

e

K̂ · ∆û0,k = pe∂Ω − r̂(û)0,k for ∆û0,k with
Z
T
0
0
K̂ IJ = Bˆ0I · D · B̂ J dΩ and
Ω0
0,k e

r̂ I (û)

=−

Z


T
0
ˆ
e
0,k
1,k
0
B I · σ u + ū
dΩ + N̂ I · f e dΩ

Z

Ω0

,

Ω0

set û0,k+1 = û0,k + ∆û0,k
3. Project boundary conditions from macro scale solution onto ∂Ω1 by solving
k

M̂ · û1,k+1 = P̂ for û1,k+1 on ∂Ω1 with
Z
Z
T
k
1
1
ˆ
1
M̂ IJ = N I N̂ J dΩ and P̂ I = N̂ I

0
N̂ K

K

Ω1

Ω1

X

!
·

0,k+1
ûK

dΩ

4. Solve on micro scale
1

e

1
1,k+1
K̂ · û1,k+1 = f 1,k+1
with
EXT − r̂(û) for û
Z
Z
T
1
1
1
1e
ˆ
1
K̂ IJ = B I · D · B̂ J dΩ, r̂ I (û) = N̂ I · f e dΩ
Ω1

and

Ω1
1

1,k+1
for all nodes J on ∂Ω1
f 1,k+1
EXT = K̂ IJ · û

5. If ∆û0,k

> tol0 or û1,k+1 − û1,k

> tol1 then set k ← k + 1 and go to step 2

Summary 7.1: Solution procedure of the multiscale method for a linear elastic material (L OEHNERT &
B ELYTSCHKO (2007a)).

7.3

Numerical studies of the multiscale method

The objective of the numerical tests presented in the following is to study the parameters
influencing the accuracy and efficiency of the proposed multiscale method. These are constituted by the coarse and fine scale mesh resolution, as well as the size of the micro scale
domain. The latter is defined as the set of all elements within a certain radius r around the
macro crack front, as indicated by the shaded area in figure 7.5. While the macro crack
is considered both on the macro- and the micro scale, the micro cracks are only taken into
account on the micro scale. This is illustrated in figure 7.5 by the dark gray coloring of all
cracks considered on a specific scale.
In the following, three setups are chosen, which are varying the location of the micro cracks.
All of them are based on the geometry shown in figure 7.5. The macro domain is defined as
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a cube with length, width and height l = w = h = 2. A planar macro crack cuts the entire
width w of the domain with its straight front being located at l/2 and h/2. Displacement
boundary conditions in all three spatial directions are chosen for the top and bottom of the
domain, where at the top, a displacement of 0.1 in z-direction is applied in order to achieve
opening of the macro crack. The material parameters are given by µ = 10 MPa and K =
26.67 MPa.

Figure 7.5: Coarse scale mesh with radius defining multiscale domain (left) and fine scale mesh (right).

7.3.1

Parallel micro cracks

First, the multiscale method is compared to a corresponding singlescale XFEM solution.
In order to exclude possible effects from distorted meshes, the mesh regularization scheme
presented in section 6.4.1 is avoided by placing all cracks parallel to the mesh. Two planar,
circular micro cracks with a diameter d = 0.126 are placed directly above and below the
macro crack front, with a distance a = 0.074 from the macro crack, as indicated in figure 7.6.
In the multiscale computation, the circular cracks are only considered on the micro scale. The
deformed configuration is shown in figure 7.7.

Figure 7.6: Two circular micro cracks located parallel to the macro crack and directly above and below the
macro crack front.
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Figure 7.7: Deformed configuration of two micro cracks located parallel to a macro crack.

For the singlescale XFEM solution, the domain is subdivided into seven parts as shown in
figure 7.8. A small cube of dimensions lc = wc = hc = 0.5 in the center of the cube,
containing the macro crack front and the micro cracks, is discretized with 151 × 151 × 151
elements, while for all other parts, 99 elements are used in the direction away from the
central cube. Thus, a mesh refinement is realized in the vicinity of the micro cracks, where
high gradients are to be expected. In order to save computational time, only half the system
is discretized, applying symmetry boundary conditions at w/2.

Figure 7.8: Domain subdivision for single scale XFEM computation.

As mentioned above, the macro- and micro scale mesh resolutions, as well as the size of the
micro scale domain are varied for the multiscale computations.

Variation of coarse scale discretization
First, the influence of the coarse scale mesh resolution is studied. To this end, r = 0.4 is
kept fixed for all computations, and the number of micro elements per macro element is
chosen such that an edge length of h = 2/135 is maintained for all computations. Varying
the number of elements on the coarse scale according to the overview given in table 7.1, the
number of elements on the fine scale is thus kept almost constant.
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coarse scale resolution

micro elements / macro element

r

no. fine scale elements

9×9×9
15 × 15 × 15
27 × 27 × 27
45 × 45 × 45

15 × 15 × 15
9×9×9
5×5×5
3×3×3

0.4
0.4
0.4
0.4

637.875
492.075
367.875
355.995

Table 7.1: Discretization of multiscale computation varying the coarse scale mesh resolution.

In figure 7.9, the specific strain energy density of the multiscale and the singlescale solution is plotted. It can be observed that the specific strain energy density of the multiscale
computations converges towards the singlescale reference solution.

specific strain energy density

0.0214
singlescale
multiscale

0.0213

0.0212

0.0211
9

15

27

45

coarse scale elements
Figure 7.9: Specific strain energy density vs. number of coarse scale elements per direction.

Variation of fine scale discretization
In order to study the effect of a change in the micro scale discretization, the number of micro
elements per macro element is varied as specified in table 7.2, keeping the coarse scale
discretization and the radius r fixed.
coarse scale resolution

micro elements / macro element

r

no. fine scale elements

15 × 15 × 15
15 × 15 × 15

9×9×9
15 × 15 × 15

0.4
0.4

492.075
2.278.125

Table 7.2: Discretization of multiscale computation varying the fine scale mesh resolution.

As can be seen from figure 7.10, the specific strain energy density does not vary significantly
for the two chosen discretizations, but still converges towards the reference solution. For this
reason, using even finer discretizations for the micro scale than those given in table 7.2 is not
considered reasonable.
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specific strain energy density

0.0213
singlescale
multiscale

0.0212

0.0211
9

15
micro elements / macro element

Figure 7.10: Specific strain energy density vs. number of fine scale elements per macro element.

Comparing figures 7.9 and 7.10, the coarse scale discretization obviously has a stronger
influence than the fine scale discretization, where the coarsest mesh possible to properly account for the crack geometry seems to be sufficient. This result is attributed to the fact that
trilinear elements are used, which show strong locking behavior in bending dominated problems. Hence, it is most advantageous to choose a larger number of elements on the coarse
scale in order to improve the boundary conditions applied to the micro scale computation.
Variation of multiscale domain
Finally, the size of the multiscale domain is varied according to table 7.3, while keeping
the coarse scale discretization as well as the number of micro elements per macro element
constant. These radii lead to the micro scale domains shown in figure 7.11.
coarse scale resolution

micro elements / macro element

r

no. fine scale elements

15 × 15 × 15
15 × 15 × 15
15 × 15 × 15
15 × 15 × 15

9×9×9
9×9×9
9×9×9
9×9×9

0.16
0.24
0.32
0.4

98.415
229.635
273.375
492.075

Table 7.3: Discretization of multiscale computation varying the multiscale domain size.

Figure 7.11: Micro domains resulting from radii according to table 7.3.
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specific strain energy density

It can be observed from figure 7.12 that, given a certain micro scale domain size is exceeded,
the specific strain energy density remains almost constant. This indicates that although it
is important to choose the multiscale domain sufficiently large, the gain of an increasingly
large multiscale domain is very limited compared to the computational effort.

singlescale
multiscale

0.0213

0.0212

0.0211
0.16

0.24

0.32

0.4

radius r
Figure 7.12: Specific strain energy density vs. radius defining fine scale domain.

7.3.2

Inclined micro cracks above and below the macro crack front

Having established that the multiscale solution converges towards the singlescale XFEM
solution, a different setup is used for further studies. Now, it is examined how the coarse
and fine scale discretization, as well as the size of the multiscale domain have to be chosen
to avoid fluctuations on the boundary of the fine scale domain, and thus comply with the
assumption made in section 7.2.1. To this end, the fluctuation η between the coarse and fine
scale stresses is computed for each macro element on the boundary of the micro domain
(thus all elements intersected by r) in terms of
η=

σ̄ mic − σ̄ mac
||σ̄ mac ||

,

(7.13)

where
σ̄

mic

1
=
Ωe

Z
σ
Ωe

mic

dΩ ,

σ̄

mac

1
=
Ωe

Z

σ mac dΩ .

(7.14)

Ωe

The planar, circular micro cracks with a diameter d = 0.126 already used in section 7.3.1
are now placed at a distance a = 0.1185 directly above and below the macro crack front
and inclined by an angle α = 45◦ , as depicted in figure 7.13. The deformed configuration is
shown in figure 7.14.
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Figure 7.13: Two circular micro cracks inclined by α = 45◦ w.r.t. the macro crack and directly above and
below the macro crack front.

Figure 7.14: Deformed configuration of two micro cracks located at 45◦ w.r.t. a macro crack.

As in the previous numerical example, the macro- and micro scale mesh resolutions as well
as the size of the micro scale domain are varied.

Variation of coarse scale discretization
To study the influence of the coarse scale mesh resolution, the setups given in table 7.1 are
used.
The stress fluctuation η introduced in equation (7.13) is plotted in figure 7.15 for all four
discretizations. It rapidly decreases with increasing mesh refinement on the coarse scale.
Additionally, it can be observed that the regions with the highest fluctuation are behind the
macro crack front. These are bending dominated areas where high shear strains occur, which
cannot be adequately captured by a coarse mesh consisting of trilinear elements, in contrast
to the fine scale mesh consisting of much smaller elements. As the size difference between
the coarse and fine scale elements decreases, the bending behavior of the two meshes aligns,
and the stress fluctuation is reduced.
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Figure 7.15: Stress fluctuation η varying the coarse scale discretization.

Variation of fine scale discretization
Using the examples introduced in table 7.2, the stress fluctuation varying the fine scale discretization is investigated.
Figure 7.16 shows the stress fluctuation η for the two setups considered. As in section 7.3.1,
the difference between the configurations is negligible, emphasizing that choosing an adequate coarse scale discretization is of much higher importance than using a very fine mesh
on the micro scale.

Figure 7.16: Stress fluctuation η varying the number of micro elements per macro element.

Variation of multiscale domain
As in the previous example, the influence of the micro scale domain size is examined by
varying the radius according to table 7.3.
The stress fluctuation η depicted in figure 7.17 shows that the bending dominated area behind
the crack front is the source of fluctuation. For r = 0.16, this area is not reached, while for
r = 0.24, the boundary of the fine scale domain coincides with this high shear stress zone,
leading to a high fluctuation. For larger radii, the fluctuation decreases and remains almost
constant, while the bending dominated area is still the main source of stress fluctuation.
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Figure 7.17: Stress fluctuation η varying the micro scale domain size.

7.3.3

Inclined micro cracks in front of the macro crack

As a final example, the setup shown in figure 7.18 is chosen to study whether the behavior of
this system is similar to the system investigated in section 7.3.2. Again, the stress fluctuation
η defined in equation (7.13) is used as a measure for the quality of the coarse and fine scale
discretization and the size of the micro scale domain.
In this case, the planar, circular micro cracks with diameter d = 0.126 are placed at a distance
a = 0.1185 in the z-direction above and below the macro crack front and at the same distance
a in the x-direction in front of the macro crack. The inclination is given by the angle α = 45◦ ,
as indicated in figure 7.18. The deformed configuration is shown in figure 7.19.

Figure 7.18: Two circular micro cracks inclined by α = 45◦ w.r.t. the macro crack at a distance a from the
macro crack front.

Figure 7.19: Deformed configuration of two micro cracks located at 45◦ w.r.t. the macro crack and in front of
the macro crack.
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Variation of coarse scale discretization
To obtain results which are comparable to section 7.3.2, the same discretizations as in the
previous examples (see table 7.1) are used.
Figure 7.20 shows the stress fluctuation η for all discretizations. Comparing the results to
figure 7.15, it can be observed that they are indistinguishable. Given that the main source
of stress fluctuation is locking of the trilinear elements in the bending dominated zone, this
result is not unexpected.

Figure 7.20: Stress fluctuation η varying the coarse scale discretization.

Variation of fine scale discretization
In order to study the influence of the fine scale mesh resolution and compare the results to
section 7.3.2, the discretization given in table 7.2 is employed.
Comparing the stress fluctuation plots in figures 7.16 and 7.21, it can be noticed that, as for
the variation of the coarse scale discretization, the results are the same. As before, locking is
responsible for the stress fluctuation on the boundary of the fine scale domain.

Figure 7.21: Stress fluctuation η varying the number of micro elements per macro element.

Variation of multiscale domain
Finally, the size of the multiscale domain is varied according to table 7.3.
In contrast to the variation of the mesh resolution, there is a significant difference in the
stress fluctuation plots shown in figures 7.17 and 7.22. In figure 7.22, there are considerable
fluctuations in front of the macro crack front for r = 0.16 and r = 0.24, which do not
occur in figure 7.17. This can be explained by the position of the micro cracks. In the
setup considered in section 7.3.2, the micro cracks are located in the macro scale crack front
element, which is never on the boundary of the fine scale domain. In the setup considered
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in this section, the micro cracks are located in macro scale elements which constitute the
boundary of the fine scale domain for r = 0.16 and r = 0.24. Increasing the fine scale
domain beyond a radius r = 0.24, it can be observed that the influence of the micro cracks
on the stress fluctuation rapidly decreases.

Figure 7.22: Stress fluctuation η varying the micro scale domain size.

7.4

Performance of the multiscale projection method

The numerical examples presented above show that varying the three parameters of the multiscale method, i.e. coarse scale mesh resolution, fine scale mesh resolution and size of the
multiscale domain, two main points greatly influence its performance.
In all cases, the result is greatly improved by refining the coarse scale mesh, as thus, locking
owing to the trilinear ansatz functions can be reduced. However, this is not a specific problem
of the proposed multiscale projection method, but of all computations using trilinear finite
elements.
Another important aspect is the size of the multiscale domain. Here, it can be observed
that, beyond a certain size, no increase of accuracy can be obtained by further increasing
the multiscale domain. However, below that threshold, the multiscale domain size has a
significant effect on the results. Also, comparing figures 7.17 and 7.22, the position of the
micro cracks strongly influences the required multiscale domain size.
Considering that the influence of the micro cracks additionally depends on the applied load,
as well as the position and orientation of the macro crack, it is clear that the results presented in section 7.3 can only be perceived as a guideline. To efficiently apply the multiscale
projection method, the parameters studied above should be chosen based on error estimation.

Chapter 8
Numerical examples
In the following, three numerical examples are presented. Here, the goal is not to obtain
quantitative results, but to combine different aspects covered in the preceding chapters, emphasize the motivation of this work and introduce additional applications of the proposed
multiscale framework.
In section 6.5, it is argued that a contact formulation should be incorporated into the XFEM
to avoid unphysical crack face penetration, which in general occurs when cracks are distributed arbitrarily. Thus, it is obvious to combine the contact formulation with the multiscale method, as crack face contact is likely to occur on the micro scale if the micro crack
geometry is not chosen specifically. A numerical example with an arbitrary micro crack
arrangement is presented in section 8.1.
The second example, presented in section 8.2, focuses on the importance of including micro
cracks into the numerical model and doing so by means of a multiscale method. To this
end, a setup is chosen, which, given available computer resources, could not be computed
as a singlescale problem in an admissible amount of time. In order to show the influence of
the micro scale material properties, the computation is repeated without incorporating micro
cracks.
Usually, applying boundary conditions to XFEM problems, where nodes on the boundary of
the domain are enriched, is not straightforward, as the correct value for the enriched degrees
of freedom needs to be determined. Despite having to solve an additional XFEM problem,
the multiscale method is a convenient tool to apply D IRICHLET boundary conditions in these
cases. This is illustrated by means of an inhomogeneous material sample in section 8.3.

8.1

Crack face contact in a multiscale setting

In this first example, the contact formulation proposed in section 6.5 is combined with the
multiscale approach, as the main motivation for implementing crack face contact is the ability
to handle arbitrary micro crack arrangements.
The macro scale domain has the dimensions 2.0, 0.5 and 2.0 in x-, y- and z-direction, respectively, and contains a planar macro crack with a straight crack front, as depicted in figure 8.1.
It is discretized by 27 × 7 × 27 elements. A displacement of 0.025 in z-direction is applied
to the top of the domain, while all nodes at the bottom are fixed. The micro scale is defined
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by a radius r = 0.3 around the macro crack front, and is discretized with 7 × 7 × 7 micro
elements per macro element. This leads to 3 099 864 degrees of freedom on the micro scale.
On the fine scale, 9 elliptical micro cracks as shown in figure 8.1 are considered. As for the
previous examples, the material parameters are given by µ = 10 MPa and K = 26.67 MPa,
while the penalty parameter is N = 105 .

Figure 8.1: Planar macro crack with 9 elliptical micro cracks: Coarse scale (left), coarse and fine scale
(center) and fine scale (right).

Figure 8.2 shows a cut through the micro domain in the x-z-plane. The highlighted micro
crack is located in the bending dominated area behind the macro crack front and is therefore
likely to show crack closure. As indicated by the black triangles in the magnification of a
small section of the crack, crack face penetration does indeed occur if the standard XFEM is
used. It can be easily prevented by applying the proposed contact formulation.

Figure 8.2: Cut through the deformed micro domain with and without the crack face contact formulation.

8.2. INFLUENCE OF MICRO CRACKS ON THE MACRO CRACK PROPAGATION BEHAVIOR

8.2

105

Influence of micro cracks on the macro crack propagation behavior

The objective of this numerical example is to illustrate the influence of micro cracks in the
vicinity of a macro crack front on the macro crack propagation behavior.
To this end, a similar macro scale setup as in the previous example is chosen, as shown in
figure 8.3, where in this case, the macro scale domain is a cube with edge lengths h = w =
l = 2.0. For the macro scale discretization, 51×51×51 elements are used. The displacement
in z-direction, applied at the top of the cube, is 0.1, while the bottom of the block is fixed in
all directions. On the fine scale, defined by a radius r = 0.4 around the macro crack front,
5×5×5 elements per macro element are used, leading to 7 379 886 degrees of freedom on the
micro scale. Using a singlescale computation with uniform discretization for a comparable
micro cracked material, approximately 60 000 000 degrees of freedom would be necessary.
The micro scale incorporates 43 micro cracks with the shape of a section of a spherical surface, as depicted in figure 8.3. They are defined by first establishing a sphere packing based
on the work by L ÖHNERT (2005) in the micro scale domain. Given the center and radius
of each sphere, the cracks are then defined by a vector and an angle. The randomly chosen
vector originates at the center of the sphere and has the length of the sphere radius. Thus, a
random point on the surface of the sphere is obtained. Then, a random angle is computed,
with the restriction that it is large enough to avoid multiple crack front enrichments at any
node, and smaller than 90◦ . A crack is then defined as the part of the sphere surface within
the circle given by the vector and the angle.
Due to the size of the numerical problem, and the fact that the combination of strongly
curved cracks and the rather basic contact implementation severely impairs the convergence
behavior of this computation, crack face contact is not considered here.

Figure 8.3: Planar macro crack with 43 curved micro cracks: Coarse scale (left), coarse and fine scale (center)
and fine scale (right).

As crack propagation is not included in the scope of this work, the VON M ISES stresses in
the vicinity of the macro crack front are used as a qualitative indicator where and in which
direction the macro crack would propagate. Figure 8.4 shows the VON M ISES stresses in the
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y-z-plane directly at the macro crack front, as well as in the x-z-plane in cut A–A, both considering and not considering micro cracks. It can be observed that, apart from small boundary effects, the stress distribution along the crack front is very smooth when micro cracks
are absent. Thus, the macro crack would propagate uniformly. In contrast, the presence of
micro cracks leads to crack shielding as well as crack amplification effects, which strongly
influence the VON M ISES stress distribution. Here, the macro crack would first propagate
in sections with high stresses, e.g. in cut A–A. Accounting for the stress distribution in the
x-z-plane in cut A–A, the macro crack would probably propagate in negative z-direction,
coalescing with one of the micro cracks. Compared to the uniform, planar crack propagation
in the case without micro cracks, a different and much more complex macro crack geometry
would be obtained.

Figure 8.4: Planar macro crack with 43 curved micro cracks: VON M ISES stress distribution in the y-z-plane
at the macro crack front and in the x-z-plane in cut A–A with (top) and without (bottom) considering micro
cracks.

Obviously, the presence of micro cracks strongly influences if and in which direction a macro
crack propagates. In case of crack coalescence, sudden decreases in the supportable load are
possible. Consequently, it is of great importance in structural failure analysis to account for
micro cracks when they are present in a material.
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8.3

The multiscale method as an XFEM boundary condition application tool

This final numerical examples aims at showing that the multiscale method can be usefully
applied beyond its original purpose.
As indicated in the introduction to this chapter, applying boundary conditions to enriched
nodes is not straightforward. This is due to the necessity of adequately distributing the desired displacement or surface traction between the standard and enriched degrees of freedom.
The multiscale method proposed in this work computes the values of standard as well as enriched degrees of freedom in a least-squares sense. Thus, a standard finite element problem,
whose domain corresponds to the XFEM domain, can be considered as the “macro scale”,
where the application of boundary conditions is straightforward. If the XFEM domain is a
parallelepiped, as in this example, a single eight node brick element constitutes a sufficient
macro domain. Clearly, the disadvantage of applying the multiscale method for the computation of XFEM boundary conditions is that an additional finite element problem needs
to be solved. However, this can be considered to be of minor importance compared to the
advantage of having a general boundary condition application tool.

Figure 8.5: Aluminum foam without (left) and with (right) silicone filler.

The example presented here originates from the aluminum foam considered in L OEHNERT
ET AL . (2010). In this publication, a regular open cell aluminum structure filled with silicone
is considered, while an irregular foam structure as depicted in figure 8.5 is computed without
incorporating filler material. This is due to the aluminum foam geometry being obtained
from X-ray computed tomography (CT) and then constructing a tetrahedral mesh from the
CT data. In order to obtain reasonable results for the numerical comparison of the foam
with and without filler, the same geometry needs to be considered. However, it is difficult
to create a standard tetrahedral mesh for the silicone filled foam out of the original mesh for
the foam without filler. In general, this leads to interface mesh incompatibility. A suitable

108

CHAPTER 8. NUMERICAL EXAMPLES

mesh, as shown in figure 8.6, is constructed by converting the standard FEM problem into
an XFEM problem, where the tetrahedral mesh is used to determine the level set values
describing the material interface. The procedure results in a brick shaped domain of size
15 mm × 15 mm × 15 mm discretized by 150 × 150 × 150 elements. For details concerning
the meshing process, see M UELLER -H OEPPE ET AL . (2012a).

Figure 8.6: Aluminum foam without (left) and with (right) silicone filler, modeled as an XFEM problem.

The geometry being obtained, the displacement boundary conditions, given in terms of the
deformation gradient


1 0.014 0.014
0.014 
F = 0 1
0 0
1
are applied to a single eight node brick element, which constitutes the macro scale. Thus,
appropriate displacement boundary conditions for the setup depicted in figure 8.6 are computed. For the silicone filler, a Neo-H OOKE material model is used, with material parameters
µ = 73.6 MPa and K = 73.7 MPa. The aluminum foam is modeled using a finite metal
plasticity model with isotropic hardening, the details of which are presented in M UELLER H OEPPE ET AL . (2012a). Here, the material parameters are given by µ = 19 663 MPa,
K = 42 604 MPa, an initial yield stress of τ0y = 91 MPa and an isotropic hardening modulus of H = 500 MPa.
Figure 8.7 shows the VON M ISES stress distribution in the deformed configuration. However,
thermal imaging suggests that even for moderate deformation, the behavior of the structure
is more complex than the currently used material model is able to reflect. Damage of the
silicone filler and interface debonding ultimately leads to fracture of both materials and selfcontact of the aluminum foam, as can be observed in figure 8.8.
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Figure 8.7: VON M ISES stress distribution for silicone-filled aluminum foam with shear loading.

Figure 8.8: Silicone-filled aluminum foam at maximum compressive deformation in the test frame (left) and
being released from the test frame (right).
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Chapter 9
Conclusions
In this work, the development of a multiscale projection method in context of the threedimensional XFEM is presented, in order to efficiently model the interaction of macro- and
micro cracks, and thus adequately assess the safety of structures made of materials which
exhibit micro cracking.
To this end, two main steps were taken: Improving the accuracy and robustness of the
three-dimensional XFEM for fracture problems and then extending the multiscale projection method proposed by L OEHNERT & B ELYTSCHKO (2007a).
Considering improvement of the XFEM for fracture, the corrected XFEM presented by
F RIES (2008) was implemented for the three-dimensional case, in order to fulfill the partition
of unity and get rid of unwanted terms impairing accuracy in the blending elements. As in
F RIES (2008), this procedure resulted in a singular system of equations when all four crack
front enrichment functions were used. Regularization was obtained by using a reduced set
of enrichment functions, where dropping the fourth crack front enrichment function yielded
the most accurate results.
In H EAVISIDE enriched elements, the standard and enriched degrees of freedom become
nearly linear dependent if the crack divides the element such that the volumes of the two
pieces are dissimilar. In order to avoid the resulting ill-conditioning of the system of equations, a mesh regularization scheme was developed. Rather than changing the crack geometry, it moves nodes belonging to the smaller volume fraction perpendicular to the crack face
to achieve maximum volume increase with minimum impact on the element geometry. Care
was taken that the boundary of the domain is maintained.
Even with a regularized mesh, ill-conditioning can occur if all G AUSS integration points are
located on one side of the crack. Consequently, an integration scheme based on tetrahedrons,
which respects the crack geometry, was developed. The tetrahedrons are computed with aid
of the level set functions describing the crack geometry, and are then used to distribute varying numbers of G AUSS points in the cracked element. It is found that using a large number
of integration points does not improve accuracy, but only leads to increased numerical effort.
As the XFEM generally does not prevent crack face penetration, a penalty formulation for
normal contact was incorporated. The tetrahedrons introduced in context of the integration
scheme were used for describing the contact surface and developing a node-to-segment formulation. The contact contribution was mapped from the triangles modeling the crack surface onto the XFEM brick nodes. Thus, the introduction of additional degrees of freedom, as
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well as locking, both common phenomena of crack face contact within XFEM formulations,
was avoided.
Finally, extending the linear elastic XFEM to a Neo-H OOKE material model and comparing both formulations numerically showed negligible difference in the results. Thus, it was
concluded that for fracture problems, the decisive factor is the crack front field and not the
material model. Therefore, the merit of using a finite deformation approach lies in the ability
to model large rotations.
After these measures to enhance accuracy and robustness, the multiscale projection method
was extended to the three-dimensional case. Here, special care was taken to maintain the micro crack geometry during the mesh regularization process on the macro scale by projecting
the nodal level set values defining the micro cracks onto the distorted mesh. Numerical studies concerning the discretization of macro- and micro scale, as well as the size of the micro
domain showed that, while a micro discretization which is able to accommodate the typical
size of a micro crack is sufficient, the macro discretization is of great importance. Additionally, the size of the micro domain strongly influences the results. No recommendation could
be given, as the ideal size of the micro domain is controlled by the size and position of the
micro cracks and is thus problem-dependent.
Having studied each component of this work where it was introduced, three numerical examples were presented, which incorporated all developed features. First, the crack face contact
implementation was combined with the multiscale method. Thus, an arbitrary arrangement
of micro cracks, often occurring in multiscale settings and generally leading to crack face
penetration, could be treated properly. Second, a similar macro scale setup was studied without micro cracks and with a large number of curved micro cracks. This test showed that
the presence of micro cracks strongly influences the stress distribution in the vicinity of the
macro crack front, and consequently the crack propagation behavior of the macro crack. Finally, it was demonstrated by means of a silicone-filled aluminum foam, that the proposed
multiscale method is also useful for the appropriate application of boundary conditions to
enriched nodes.
The numerical examples in particular showed that many extensions and improvements are
possible, both to certain aspects of the three-dimensional XFEM for fracture and the multiscale projection method.
Regarding the contact formulation, it is desirable to improve convergence behavior by adding
the nonlinear terms to the coefficient matrix, which currently is restricted to the linear term.
Also, the formulation should be extended to account for tangential contact. Regarding tangential contact and sliding of crack faces, many micro mechanical properties like rough crack
faces could be incorporated. Finally, the node-to-segment approach could be substituted by
a more sophisticated contact formulation, like e.g. the mortar method.
The case of the silicone-filled aluminum foam shows that no realistic numerical model of
fracture processes can be complete without accounting for damage and crack nucleation. If
inhomogeneous materials are to be considered, debonding as a primary stage of cracking is
also an issue. For this class of applications, another necessity is an XFEM formulation which
combines fracture and material interfaces, such that cracks can run through the structure in
an arbitrary manner and are not restricted to material interfaces.
Concerning the multiscale projection method, it is desirable to automatically determine the
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choice of the discretization on both scales, as well as the micro domain size, in an errorcontrolled procedure instead of the current user-defined, experience-based process. For an
extension which is able to model crack propagation, an accurate crack propagation criterion
and a crack coalescence algorithm need to be developed.
Finally, a specific mesh generator is developed for each application at present. This is extremely time-consuming and still, only rather academic examples are modeled. In order to
apply the presented methods to more general, real-life examples, it is unavoidable to implement mesh generators based on CAD or CT data.
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N ISTOR I., G UITON M., M ASSIN P., M O ËS N. ET AL . An X-FEM approach for large
sliding contact along discontinuities. International Journal for Numerical Methods in
Engineering, 78 (2009): 1407–1435.
N OLL W. Die Herleitung der Grundgleichungen der Thermomechanik der Kontinua aus der
Statistischen Mechanik. Journal of Rational Mechanics and Analysis, 4 (1955): 627–646.
O DEN J. & Z OHDI T. Analysis and adaptive modeling of highly heterogeneous elastic
structures. Computer Methods in Applied Mechanics and Engineering, 148 (1997): 367–
391.
O GDEN R. Non-linear elastic deformations. Dover, 1984.
O LIVER J. Continuum modelling of strong discontinuities in solid mechanics using damage
models. Computational Mechanics, 17 (1995): 49–61.
O LIVER J. Modelling strong discontinuities in solid mechanics via strain softening constitutive equations. Part 1: Fundamentals. International Journal for Numerical Methods in
Engineering, 39 (1996a): 3575–3600.
O LIVER J. Modelling strong discontinuities in solid mechanics via strain softening constitutive equations. Part 2: Numerical simulation. International Journal for Numerical
Methods in Engineering, 39 (1996b): 3601–3623.
O LIVER J., C ERVERA M. & M ANZOLI O. Strong discontinuities and continuum plasticity
models: The strong discontinuity approach. International Journal of Plasticity, 15 (1999):
319–351.
O LIVER J. & H UESPE A. Continuum approach to material failure in strong discontinuity
settings. Computer Methods in Applied Mechanics in Engineering, 193 (2004a): 3195–
3220.
O LIVER J. & H UESPE A. Theoretical and computational issues in modelling material failure
in strong discontinuity scenarios. Computer Methods in Applied Mechanics in Engineering, 193 (2004b): 2987–3014.
O LIVER J., H UESPE A., B LANCO S. & L INERO D. Stability and robustness issues in numerical modeling of material failure with the strong discontinuity approach. International
Journal for Numerical Methods in Engineering, 195 (2006): 7093–7114.
O LIVER J., H UESPE A., P ULIDO M. & C HAVES E. From continuum mechanics to fracture mechanics: The strong discontinuity approach. Engineering Fracture Mechanics, 69
(2002a): 113–136.

128

BIBLIOGRAPHY

O LIVER J., H UESPE A., P ULIDO M. & S AMANIEGO E. On the strong discontinuity approach in finite deformation settings. International Journal for Numerical Methods in
Engineering, 56 (2003a): 1051–1082.
O LIVER J., H UESPE A. & S AMANIEGO E. A study on finite elements for capturing strong
discontinuities. International Journal for Numerical Methods in Engineering, 56 (2003b):
2135–2161.
O LIVER J., H UESPE A., S AMANIEGO E. & C HAVES E. On strategies for tracking strong
discontinuities in computational failure mechanics. 5th World Congress on Computational
Mechanics, Vienna, Austria, Conference Proceedings, (2002b).
O LIVER J., H UESPE A., S AMANIEGO E. & C HAVES E. Continuum approach to the numerical simulation of material failure in concrete. International Journal for Numerical and
Analytical Methods in Geomechanics, 28 (2004): 609–632.
O RTIZ M. & PANDOLFI A. Finite-deformation irreversible cohesive elements for threedimensional crack-propagation analysis. International Journal for Numerical Methods in
Engineering, 44 (1999): 1267–1282.
O SHER S. & S ETHIAN J. Fronts propagating with curvature-dependent speed: Algorithms
based on Hamilton-Jacobi formulations. Journal of Computational Physics, 79 (1988):
12–49.
PANDOLFI A. & O RTIZ M. Solid modeling aspects of three-dimensional fragmentation.
Engineering with Computers, 14 (1998): 287–308.
PANDOLFI A. & O RTIZ M. An efficient adaptive procedure for three-dimensional fragmentation simulations. Engineering with Computers, 18 (2001): 148–159.
PARISCH H. A consistent tangent stiffness matrix for three-dimensional non-linear contact
analysis. International Journal for Numerical Methods in Engineering, 28 (1989): 1803–
1812.
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