Methods to project plasticity models onto the contact surface ap-
plied to soil structure interactions

C. WeiBenfels - P. Wriggers

Abstract In this work two new concepts for a direct application of plasticity models within a frictional
contact description are developed. These concepts can be used in conjunction with all different kinds of
contact formulations and solution methods. Additionally, all types of plasticity models can be projected
onto the contact surface. The advantage of these concepts is shown exemplary in the modeling process of
soil-structure interactions where the projected plasticity models are able to describe the soil behavior at
the contact surface. The numerical implementation of the new frictional relations is based on the Mortar
method. A new type of mixed formulation is also introduced combining the augmented Lagrangian
method to enforce the normal contact constraint with the penalty regularization written in Hellinger-
Reissner form to implement the tangential contact behavior. This reformulation leads to a reduction of
the CPU time compared to the standard penalty regularization, if the Mortar method is used. Finally, the
numerical investigation of a direct shear test shows the accurate reproduction of the typical stress-strain
relation of the soil at the contact surface.

Keywords Contact Mechanics - Finite element method - Mortar method - Friction laws - Projection
strategies - Soil mechanics - Soil-structure interactions

1 Introduction

When investigating simulations of sliding contacts, Coulomb’s law is mostly preferred to model the
frictional behavior. Even within the highly complex modeling process of soil-structure interactions
Coulomb’s law is applied [1],[2], although the simulation of a pile penetration process shows a large
difference between numerical and experimental results (figure 1,[3]). As a consequence new frictional
models where developed in [3] improving the slip behavior. Unfortunately, a large number of additional
material parameters was introduced there which have to be determined for each individual contact pair.
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Figure 1: Comparison of experimental and numerical results of a pile penetration test [3]

Within geotechnical installation processes for piles, anchors or sheet pile walls, mostly the surface
of the structure has to be viewed as rough. Experimental measurements of a direct shear test between
soil and concrete show that for a rough surface of the structure the response behavior is almost equal
to the same test case between two soil specimens [4],[5],[6]. This causes the assumption that for these
soil-structure interactions the real contact zone lies completely within the soil (figure 2). Since many soil
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Figure 2: Development of the contact zone in a direct shear test between a soil and a concrete specimen
with a rough surface

models are able to represent the 3-dimensional geomechanical behavior exactly, the description of the
mechanics at the contact layer can be improved by the use of such models. Until now either interface
elements [7], [8], or special joint elements [9], [10] are used to model the contact interface by use of soil
models. Additionally, some inteface models exists where the rough surface structure is taken into account
[11], [12]. These models are limited to small sliding and only an incorporation into contact formulations
makes it possible to simulate more realistic situations where large relative movements occur, like pile
installation processes for instance. Hence within this work two different strategies are developed each able
to incorporate the plasticity models directly into a friction model. Another advantage of this projection
schemes is that no additional parameters are needed.

A big challenge of any projection method, especially for soil-structure interactions, is the correct
reproduction of the dilatant or contractant behavior at the contact surface. A direct integration of these
influences into a contact model would lead in the case of contractancy to a penetration of one body
into the other which is not allowed or in the case of dilatancy to a release of the contact during the



sliding process which is not reasonable. Additionally, yield criteria are often formulated in terms of three
stress invariants whereas slip laws are mostly based on the norm of the tangential stress vector and on
the absolute value of the normal pressure. Hence a direct link between these invariants is not possible.
However in the literature some relation between contact and continuum are disclosed. For instance, the
3-dimensional Mohr-Coulomb yield criterion is the natural extension of the two dimensional Coulomb
slip rule [13]. Using the penalty regularization for the tangential contact a formulation analog to the
elasto-plastic theory can be exploited in the modeling process [14],[15],[16]. Both relations are providing
the basis for the developed projection methods.

If the surface of the structure can be assumed as perfectly smooth, contact takes place directly at
the interface of soil and structure and Coulomb’s law can be used, as can be seen in the outcomes of
experimental tests between steel and soil in [17] or [18]. Only a proper coefficient of friction has to be
determined.

For the numerical implementation of the new friction models first the boundary value problem has to
be described. The discretization of the leading equations within a finite element framework is displayed
in section 2 where the focus lies especially on the contact part. In this work the Mortar method [19)
is used exemplary for the discretization of the contact part leading to a robust solution algorithm [20].
A new type of mixed version is embedded in the Mortar framework which combines the augmented
Lagrangian method [21],[22] for the normal contact description with the penalty regularization given in
Hellinger-Reissner form for the tangential part delivering a stable solution technique for contact models.

A soil model based on the framework of the elasto-plastic theory which is able to include the porous
structure of the soil [23],[24] is stated in section 3. Additionally, two regularization schemes are mentioned
shortly at the end of this section which stabilize the back-projection within the return mapping algorithm
and avoid oscillations between the elastic and plastic state of a material point.

Section 4 and 5 describe the two developed projection methods in detail. The first one transforms
the plasticity equations properly into frictional formulations using the connection between Coulomb slip
rule and Mohr-Coulomb yield criterion. The second concept integrates the plasticity model directly
into the slip rule formulating a continuum stress dependent coefficient of friction and normal contact
force. The results of the new projection concepts are shown at the end of each section within numerical
investigations of a direct shear test. There the outcomes are compared with the results of a corresponding
3-dimensional setup using interface elements in between of the two contact specimens. The presented
work is closed with an evaluation of both projection schemes in section 6.

2 A mixed Mortar method

The new friction models can be solved with all kinds of contact formulations. In this work the new
contact equations are included into a solution method that is embedded in a Mortar framework. To have
a natural transformation from plasticity to friction and additionally a strong enforcement of the non
penetration condition a new type of mixed formulation is proposed. There the normal contact constraint
is solved using the augmented Lagrangian method and the tangential constraint is regularized with the
penalty method written in Hellinger-Reissner form.

2.1 Boundary value problem

In the following investigations only quasi-static cases will be considered that rely on constitutive models
for small strain applications. Additionally, the influence of the gravity force is neglected to concentrate



on the pressure dependency of the numerical response behavior. The balance equation of momentum for
each contacting body simplifies then to the requirement that the divergence of each stress o has to be
Zero

dive’=0 in B (1)
Here index (i=1) stands for the body which surface will be denoted as slave surface and (i=2) denotes
the master surface. This distinction was introduced in [25]. The boundary of each body is subdivided
into the Neumann boundary where the applied traction t? is given and into the Dirichlet boundary where
the applied displacements @i’ are prescribed

o'n' =t on 0,B"

u =1 on 0, B".

(2)

In the case of contact a third boundary part J.B has to be considered which denotes the contact area.
Hence the boundary of each body is uniquely subdivided in three different regions 8,BNd,B'NO.B = .
On the contact boundary the normal gap

Iy = (x2 — xl) -n! (3)

and the pressure Ay determines the contact behavior in normal direction. For the computation of gy the
actual position vectors x? of the master and of the slave surface are used, see also [16]. Contact takes
place, if the normal penetration is equal to zero. In the case of non touching bodies the contact pressure
has to vanish leading to the set of inequalities which can also be written in the Karush-Kuhn-Tucker
form

g >0, A<0, guAv=0 0.B. (4)

Similarly, for the tangential contact two inequalities can be stated to define the stick or the slip state of
the surface point. Thereby friction takes place, if the slip rule f€ is equal to zero introducing additionally
a slip rate (¥ > 0). In analogy to the elasto-plastic theory, an evolution equation for the tangential gap
gr is defined where the direction of sliding corresponds to the direction of the tangential contact stress
vector Ar

720, fc(”)‘T”a)‘N)SOa 7f6:0
on 0.B

. A (5)
gr =7 .
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A detailed derivation and explanation of the mentioned equations can be found for instance in standard
contact textbooks [16],[26].

2.2 Finite element discretization

For the solution of contact problems the finite element method is often employed. For this, first the
balance of momentum (1) of each body together with the normal (4) and tangential contact constraints
(5) has to be written in a weak form

2
> G (u,n) + G (um, A) + G (u,m,6)) = 0. (6)
i=1
The formulation and discretization of the virtual work part of the two contacting bodies G* (u,n) can
be found in standard finite element textbooks, like [27],[28] and will not be specified explicitly. For the



proposed mixed formulation of the contact part the weak form is split into the contact virtual work
G¢ (u,m, A) and into the formulation of the contact constraints Gf (u,n,dX). Like for the augmented
Lagrangian or pure Lagrange multiplier method, in this description the contact stress vector is introduced
as an additional unknown A. Contrary to the formulations in [29],[30],[31] in the virtual contact work
part the Lagrange multiplier A is subdivided into the normal Ay and the tangential stress components
)\TO(
G (u,n,A\) = Ogn Ax da + 0gra Ara da (7)
9B, 9B,

leading to a symmetric tangent in the case of stick. The weak form of the contact constraints G§ (u, 1,0A)
is further subdivided into a normal and a tangential part. In the mixed method the augmented La-
grangian [21] or sometimes called primal dual method [22] is applied to fulfill the normal constraint.
Using a nonlinear complementarity function, like in [22], the weak normal contact constraint can be
reformulated as I

iv(u,nA) = / Oy — [)\N — min{ Ay + cxn, 0}} da = 0. (8)

B, Cn

Contrary to [22] the equation is weighted with the inverse of the penalty parameter to be consistent
with the units. The minimum function is also used instead of the maximum function [22], since in this
work the contact pressure has a negative sign. Depending on the minimum function the weak form
either forces the normal penetration or the normal Lagrange multiplier to be equal to zero leading to
the distinction

active : Av F g <0 - Giy= / 0Angny da =0
2B,

9)

1
inactive : Ax F g >0 - Giy= / OAx—Ax da = 0.
OB, Cn

Using the analogy to the elasto-plastic theory the penalty regularization is used to enforce the tangential
contact constraint. In the Mortar method due to a multiplication of two averaged quantities an inner
assembly loop evolves in this case [30] leading to an additional computational effort. Hence the tan-
gential contact weak form is written in a Hellinger-Reissner description introducing additional Lagrange
multipliers which increases the CPU time considerably to a lesser extend

ir= 6>\Tai [Ara — tra) da = 0. (10)
8B, Cr
The equation states that the Lagrange multiplier has to be equal to the tangential stress components
tra. The solution algorithm for t,, will be presented in section 4 and 5.

For the discretization of the contact weak form the Mortar method is applied which can be viewed as
the most robust solution technique for contact applications at the moment. This method was originally
developed to couple finite with spectral elements [32],[33] and was extended to contact cases for instance
in [19],[34],[22]. In contrast to the node-to-segment formulation [16],[26] all quantities are discretized
and integrated numerically like in finite elements for the continuum. The key approach of the Mortar
method will be explained schematically for the normal contact constraint and will be applied later on
to other parts of the contact weak form. In computational contact mechanics the slave side is viewed as
the contact surface. Normally, the discretization procedure in finite elements would be to sum up over
all elements n, of this contact surface

Ns ngp N¢ NS
[ ongnda=3"3" > Nabhua Y- Nagusdet W, (11)
9B, B=1

e=1g=1A=1



The integration is done on a reference element using a specific number of integration points ng, within
that element and NN¢ indicates the number of nodes of the surface element. In the Mortar method the
discretization process is reformulated into a summation over all slave nodes Ny instead of a summation
over all slave elements

N, ng ng N¢
SAngx da=> 0MAa D > Na»_ NpgupdetisW,. (12)
0B A=1 e=1g=1 B=1

Now at each node A the contributions of all adjacent elements n2 of that node has to be added up.
The term on the right side of the virtual normal Lagrange multiplier can be viewed as a nodal average
of the normal gap. This averaging procedure is similar to the computation of the nodal stress in the
post-processing of a finite element program. Finally the discretized weak form of the normal constraint
leads in the Mortar framework to

N nit ng, N
| ongnda=3" Shagas gua= D> NaY- NagusdetW, (13)
9B. A=1 e=1g=1 B=1

where the bar over the quantity indicates an averaged value. Subsuming the summation over adjacent
elements and integration points to a summation over the whole integration points in all adjacent elements
ngp the normal penetration and its variation can be written in more detail as

Ngp
Ina = ZNA (Eglerl) (X741 (€§n+1) ~ Xp41 (£;n+1)) Mg (£;n+1) det jn4+1 Wy
g=1
Tgp
Ogna = ZNA (E;nﬂ) ("iﬂ ("§n+1) ~ M1 (£g1]n+1)) Mg (§_¢1m+1) det jnt1Wy.
g=1

(14)

The position of each quantity at the integration point, like the position vectors at each surface, the
normal base vector or the normal Lagrange multiplier, can be obtained by using standard surface shape

functions
N: N:Tl
X’}L+1 (£;n+1) = Z Np (églynJrl) X}3n+17 XEL+1 (€§n+1) = Z N¢ (Einﬂ) X2cn+1
B=1 c=1
N N¢ (15)
n711+1 (651;71-&-1) = Z Np (Eglzn-i-l) nle ntls  Anntl (551;1'7,-{-1) = Z Np (f};n-ﬂ) ANBn+1-
B=1 B=1

For the averaged quantities the index n+ 1 is neglected to ease the notation, since all averaged quantities
are written with respect to the actual time step. If values at the previous time step occur, they will
be denoted further with the index n. Additionally, &' and & corresponds to the coordinates of the
integration points at the slave and at the master surface, respectively. The averaging process for the
normal penetration is similar to [35], but different to the formulations in other Mortar formulations given
for instance in [34],[22] where only the gap is averaged and the penetration is computed by gya = g4 -1 4.
For the time integration of the evolution equation (5) the implicit backward Euler scheme is used. In
the discretization process of the Mortar method the components of the increment of the tangential gap



have to be averaged A;fraa = Graa — §ou - This process follows accordingly to (14)

Ngp

Graa = ZNA (glenJrl) (Xgl+1 <£§n+1) - X'}LJrl (gglgnJrl)) : tianrl (£;n+l) detjnJerg
g=1

Ngp

0Grad = ZNA (£;n+1) (7 (§3n+1) — M1 (E;nJrl)) bhni1 (é;n+1) det jn+1Wy (16)
g=1

Ngp

g"(f“aA = ZNA (E(lyn) (XEH-I (5371) - X’}L-’rl (E}Jn)) ' t(lln-i-l (gén) detjan
g=1

Within the averaged old tangential gap g, 4 only the integration points are specified at the previous
time step to guarantee an objective measure for the tangential movement, see also [36] for more details.
In the case of the weak form of the tangential contact constraints (10) and in the case of no contact (9)
the Lagrange multipliers have to be averaged as well

Ana = ZNA (€gni1) Avntt (Epnyr) detiniiWy
e (17)

Araa = Na (& ni1) Mant1 (€5ni1) detiniWy.
g=1

To have uniquely defined base vectors at each slave node A, the nodal base vector contributions of each
adjacent element of that node & 4 are added up

A e
n, Ng

a<11An+1 = ZZNI,OC (EA) X}n-i-l (18)

e=171=1

which is shown schematically for the 2D case in figure 3. Using normalized base vectors, like in [29],[31],
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Figure 3: Averaged base vector schematically for the 2D case

the tangential base vectors t!, , and the normal base vector n; at each contact node are given by

1 1 1
Ay An+l 1 A Ant1 XA Ant1 (19)

1 _ —
t(xAn-l—l - Nyp1 =

||a(11An+1||, Ha}An+1 X a%An+1H.

Following the outcome in [37], to pass the patch test an exact integration of the integrals over the slave
surface in (7),(9),(10) or respectively within the averaged kinematical quantities (14),(16),(17) should
be preferred. To ensure this feature almost exactly Puso [34] developed a segment-to-segment algorithm
introducing an even reference plan akin to the standard finite element method. First, each slave element
is transformed into an even reference plane. Afterward all nodes of each master element are projected
onto this plane and a clipping algorithm, like [38] is used to compute the intersection points (figure 4).



integration X,
points

Figure 4: Clipping of one slave and one master element (left) and integration points within one pallet
(right)

The resulting overlap between one slave and one master element is called a segment and it is further
subdivided into triangular pallets (figure 4) locating the integration points on the reference plane. Finally,
these points are back projected onto each surface locating the integration points within the slave and
the corresponding master element. The Jacobian can then be defined for each pallet as the area of the
triangle

. 1,/ _ _ _
detjn+1 = 5” (Xgn+1 - le)nJrl) X (X§n+1 - X‘117n+1) ” (20)

and W, in (14),(16) and (17) corresponds to the weighting of that triangle. Now the summation over

all integration points in (14),(16) and (17) can be specified in detail as the summation over all elements
A

s

adjacent to that node n.', over all segments within each element ng.q4, over all pallets n,, and over all

integration points of the triangular pallet nl?

A pa
Ngp ng MNseg Mpa "gp

N H PN @)

Finally, using the averaged kinematical quantities (14) and (16) the weak form of the contact contribu-
tions in (7),(9) and (10) can be reformulated into a summation over all slave nodes. The weak form of

virtual contact work
ng

GZ = Z |:6§NA )\NA n+1 + 5gTaA)\TaA n+1:| (22)
A=1
and the weak form of the normal and of the tangential contact constraint for an active node Aya+cygna <
0 change to

Ns

_ 1 5 -
Glc = Z |:6)\NA n+1 9gnA + 5)\’1‘0414 n+1ci (ATaA - tTocA) j| =0. (23)
A=1 T
In the case the slave node is not active Aya + Cx gna > 0 an additional constraint is introduced ensuring
that the averaged normal and tangential Lagrange multipliers are equal to zero

e 1- 1-
Gf = Z |:6)\NA nt1 ?ANA + 0Araa n+1?)\TaA} = 0. (24)
A:1 N T



3 Soil model

The application of the developed projection schemes is the improvement of the simulation of soil-structure
interactions. Therefore a proper soil description is needed. Among many different models Ehlers [23],[24]
developed a generic elasto-plastic formulation able to take into account the pressure dependency of the
friction angle and the dependency of the admissible elastic domain on the Lode angle. The porosity of
the soil is considered by the factor ¢¥ given within the linear elastic stress strain relation

o= \tre®c’ + 2ue® (25)

where the factor ¢V [24] describes the influence of the solid volume ratio limited by its initial value n

S

and its upper bound n;,,..

c ns S
QN LS g0 A | (26)
(trec — tree) s ns .. (14 trep)

nmam max

The yield criterion bounding the admissible elastic domain is formulated in terms of the first invariant
of the stress tensor I, as well as of the second Il and of the third invariant IIIg of the deviatoric stress s

_3\m 1
R D en)

Seven parameters («, 3,7, d, €, K, m) have to be determined by proper material tests [23] where the friction
angle ¢ and the cohesion ¢ are linked to the model via kK = ccosp and = %sincp. To ensure a correct
dilatancy or contractancy behavior of the soil in this model a non associated description is used leading
to the potential g (o)

1
g(o) = \/\1/1115 + 0l + 0215 + Vol + e} (28)

where two additional parameters (U1, ¥5) are introduced into the model. The evolution equation of the
plastic strain is given by the derivative of the potential with respect to the stress tensor multiplied with
the plastic rate A

Jg (o)

gl = A =
o Qgrt

[U1s + (aly +46°15) 1] + (Va8 + 2€l,) 1
(29)

1
grt = \/\PlIIS + 50&13 + 6ZI§.

A measure able to determine the dilatant or contractant behavior of a material point is formulated by
the tangent of the dilatancy angle P which corresponds to the quotient of the volumetric plastic strain

to the norm of its deviatoric part
I |

3ler
The tensor P = éX —1/3(e? - 1)1 used in (30) indicates the deviatoric part of the rate of the plastic
strain. For the Ehlers soil model the tangent of the dilatancy angle can be written explicitly as

tanv? =

(30)

, 1
tanv? = ol + 45°T2 + 2\/\111115 + ialg + 6214 (Vo8 + 2€ly) | - (31)

1
Wy /211
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Since the soil has a highly nonlinear plastic behavior, an additional equation is needed to take into
account hardening and softening effects. In the Ehlers soil model an evolution equation of four parameters
h = [3,7,6,¢T describes these effects

h =\ (hya — h) |C} tanv? + CL ||| &P || =0 (32)

where h,,,, corresponds to the maximum values of the parameters. The actual stress is computed from
the constitutive equations (25) - (32) and the numerical solution is based on the implicit return mapping
algorithm [39]. A detailed implementation can be found in [20],[40]. Unfortunately, in the case of a plastic
response, due to the conical structure of the yield surface in stress space, the back-projection within the
return mapping algorithm onto the surface can fail, especially close the apex. This is especially true
when the trial stress and the trial hardening parameters are far away from the projection point (figure
5). Hence a projection to different solutions can occur which leads to a non convergence of the algorithm.

yield surface

trial yield surface substepping
trial yield surface

Figure 5: Difference between standard and substepping back-projection schemes

A possibility to improve the closest point projection algorithm is the use of a substepping scheme [41]
which is based on line search techniques. A numerical implementation within the implicit return mapping
algorithm can be found in [42]. Within the substepping algorithm at each integration point the trial
elastic strain is subdivided into a number of increments (steps) which ensures that the trial value remains
always closely to the projection point (figure 5). Within an additional loop k = 1, steps the actual stress
and the material tangent has to be solved at each step k together with the culminated strain and its
updated plastic part

k
K k K Og|®) k-
q(k) = Z S(k)7 E'(n-&)-l = q(k)é:n-i-lv 517);(-&-% = S(k)efb + ’YfL-‘Zlaio' n+1 T gfL(-l—l 1)' (33)
=1

Another challenge is the oscillation between the elastic and the plastic state of the material point that
leads also to a non converging of the overall solution algorithm. Remedies to overcome such cases are
viscoplastic regularization. One formulation presented in [43] and numerical implemented in [44] is
applied to the Ehlers soil model

. n/ Ot . .
Ont1 =0, 1+ m (0';+1 - Un+1) : (34)

Within this formulation the elastic domain is extended temporarily between the trial elastic ol ; and

the back-projected stress o7, ,; by means of a damping parameter 7.
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4 Projection based on the transition of plasticity to friction

The formulations and solution techniques related to the elasto-plastic theory and related to the frictional
contact behavior have a lot in common. The yield criterion bounding the elastic domain is similar to the
slip rule limiting the stick case. Furthermore the evolution equation for the plastic strain corresponds
to the evolution equation for the tangential movement. Despite all similarities, unfortunately, a direct
transition from plasticity to friction is not possible. The stress dependency within the yield criterion is
often expressed by means of three invariants whereas in the slip rule the norm of the tangential stress
and the normal pressure only influence the tangential behavior. Using a return mapping algorithm for
the solution of the frictional contact behavior a back-projection in the direction of the desired tangential
stress is only allowed which is equivalent to a dilatancy angle of zero degree. A positive dilatancy angle
would lead to a release of the contact, although the pressure between the bodies is non zero and a negative
dilatancy angle would lead to a normal penetration which is not allowed. Therefore, to incorporate the
dilatancy effects at the contact layer an additional contact stress component is introduced. The projection
scheme is explained here exemplary for the contact formulation given in section 2, but it can be applied
to all other types of contact discretization techniques.

4.1 Projection scheme

One of the oldest model describing especially granular materials is the Mohr-Coulomb yield criterion
which structure is similar to other plasticity formulations like Drucker-Prager, Tresca or von Mises.
The Mohr-Coulomb yield criterion f™ suitable especially for the description of soil behavior is the
3-dimensional extension of the Coulomb slip rule f€, see [13] for a derivation

fe= ||ETAn+1|| + S‘NAn—s-l tangp =0

v/1lg 11080, 1 1T
= +1 +1 [Ianﬂ - V?SSIH (©)ns1

cosy 3

(35)

tang = 0.

In this formulation the three continuum quantities Iy 41, v/Ilsn+1, ©n41 can not be related directly to
the two contact invariants Ay 4 n+ts |[6rant1]]. However, since the tangential contact motion is equivalent
to shearing with a load on top, the Lode angle

V2T g i1
— 3 (36)

2 II;n+1

1 .
Ont1 = —garcsm

can be assumed to be zero ©,41; = 0°. Now the invariants of the frictional formulation and of the
plasticity model can be related directly and so called contact stress invariants can be defined

IIsAn—i-l = HETAn+1||2COSQ(p
. (37)
IoAntt =3 AxAnt1s 9An+1 = 0°.

Accordingly, the tangential contact stress depends on the second invariant of the deviatoric stress and
on the friction angle. The normal stress is only related to the first invariant of the stress itself. A
demonstrative explanation is illustrated in figure 6 showing that the slip criterion results from the yield
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P volumetric,
normal contact part

r(6=0°)

deviatoric
tangential contact part

-0,

70'1

Figure 6: Cut through the yield surface at a Lode angle of 0°

surface by a cut through the surface at a Lode angle of 0° corrected by the slip angle. A split of the
back-projection of the trial stress onto the yield surface into a volumetric and a deviatoric part leads to
the corresponding formulations for the two invariants

Jg (IU nt1, s n+1)

Iont1 = Ifrrm-l - 9Kvnq1

8Io' n+1
(38)
] Ign e
IIsn-|—1 = Ilérn_._l - 2N7n+1& IISTL-‘,—l'
8Hs n+1

Due to the assumption of a zero Lode angle the plastic potential depends only on I 41, I5,4+1. Together
with the link between the continuum stress invariants and the contact quantities (37) the algorithms
computing the normal and tangential contact stress can be stated. Unfortunately, the back-projection
of the normal contact stress is physically not feasible. A dilatant behavior leads to a release of the
contact and contractancy to a penetration of one body into the other which is not allowed. Looking at
the graphical illustration in figure 7 the back-projected normal stress component can be interpreted as

[It:]] t"

slip criterion

Figure 7: Graphical illustration of the two constituents of the normal contact stress

the sum of the normal pressure together with an additional stress contribution tp 4 ,41. This additional
stress corresponds exactly to the back-projected norm of the tangential stress multiplied with the tangent
of the dilatancy angle

EDAn+1 = *tan’/f; n+1||fTAn+1||' (39)
The minus sign has to be added, since normal stress contributions and not the pressure is considered.
Instead of the back-projection (38) the actual first invariant is computed alternatively as

Iont1 = 3Aans1 — 3tan o [[€ra g | (40)
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The numerical algorithm to compute the tangential contact stress follows directly from (38) using relation
(37) and the fact that the trial and the actual tangential stress is pointing towards the same direction,

see also [16]

ag (Io' n+1; IIS n+1) -
tran 41
3HS ntl TAn+1 ( )

Within (41) to ease the computation the trial friction angle is assumed to be equal to the actual and to

trant1 = 4000 + 207

the previous slip angle -
O i1 = PAn+1 = pan = arctan (”tTAn”) . (42)
|tNA n |
This assumption can be made, since in the simulation of the soil behavior the time intervals have normally
to be small and the change of the friction angle during one step is marginal. The tangential contact
stress of the trial state is computed analogous to standard contact formulations, see [16]

2p

——[8rant1 — %4 4 4
Srdanit [gTA +1 — 814 +1] +tra (43)

Itr _
tT.A n+1 — =

where grAn11—8%4,.1 is the increment of the tangential movement, see also equation (16). The penalty
parameter for the tangential part is linked here to the shear modulus by a parameter J.

2p
= —. 44
Cr 5y ( )
To ensure stress values using the Mortar method the tangential gap has to be divided by its area
Tgp
Aang1 =Y detinp1 Wy (45)
g=1

4.2 Projection of Ehlers soil model

Due to the assumption of a Lode angle of zero degree the yield criterion of the soil model of Ehlers (27)
changes to

1
fnJrl = \/IIS n+1 + 505(10' n+1)2 + 5,24 n+1 (Icr n+1)4 + BA n+1Icr n+1 + €An+1 (Ia' n+1)2~ (46)

The derivatives of the potential (28) with respect to the deviatoric stress remains equal to the continuum
case

59 (10' n+1, IIs n+1) o \Ill

- : 47
Ollg 41 2\/\1,1115n+1 + %algnﬂ + (5214'7 - (47)

and the evolution equation of the hardening parameters (32) remains also unchanged

Ign
hy n+l = ha, + Tn+1 (hmaz —hy n+1) [C;}Ltanl/i n+1 + C;ﬂ (91?7“\/ 2IIsn+1 (48)
sn+1
as well as the tangent of the dilatancy angle given in (31)
tanvt) - Ay pt1 + 405,415

AT g ATy | Attt o)
49

1
+ 2\/‘111Hsn+1 + §O‘I?yn+1 + 5,24n+114an+1 (\IJQ/BAH—H + ZEIan—H)] .
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The starting value for the sip angle is assumed as

pa0 = arcsin (3 B40) (50)

The computation of the stick or slip case follows analogous to the standard frictional computation, see
for instance [16]

f(EiTA n+1- ;\NA n+1, hZ-nJrl) <0 — stick, f(ff;A n+1 E‘NA n+1, hZ‘n+1) >0 — Slip (51)

where § is a parameter close to zero due to numerical reasons. In the stick case the actual stress
components and the hardening parameters correspond exactly to the trial ones

ETA n+1 — E?:A n4+1- hA = hz (52)

In the slip case the residual equations for the tangential stress component, the evolution of the hardening
parameters, the tangent of the dilatancy angle and the slip criterion

_ O
- 5

ag (Ian+1;IIsn+1)E —0
8IIS it TAn+1

R (ET nt+l — EfrTn+1) + Ynt1

Ign, T
RH = hAn+1 — hAn — '7n+1 (hmaa: — hn+1) [Cztanyzn + C(]_it:| 6I‘Igi+11 2IIsn+1 = 0
sn+

1

\Ill \Y4 2I:[s n+1

1
+ 2\/\111Hsn+1 + 5&[(27 nt1t 5124n+11§'n+1 (\IIQﬂAnJrl + 2610n+1)1 =0

- p 2 3
R, = tanv} | — olont1 + 40,1150

Ry = fn+1=0.

have to be equal to zero. Since the equations are nonlinear with respect to the contact invariants, the
Newton iteration is applied to determine the tangential stress, the hardening parameters and the tangent
of the dilatancy angle that fulfill the slip rule. The linearization of the tangential stress follows then
directly form the tangent together with the modified residual vector which is analogous to the case of
plasticity. A detailed explanation for that case can be found for instance in [28].

4.3 Numerical direct shear test

In soil mechanics two different tests are often conducted to determine the shear behavior of the material
under investigation. The triaxial shear test is a typical 3-dimensional test procedure whereas the direct
shear test characterizes the soil behavior over a relative movement of the contacting specimen. However
both tests have the same outcome. In the following numerical example the soil-structure interaction
of a block of steel (E = 210 - 10> MN/m?, v = 0.2) with a soil specimen of dense GEBA fine sand is
investigated where the surface of the steel block is assumed to be rough. Due to the roughness the sand
is dominating the shear behavior and the direct shear test deliver the same response as the 3-dimensional
triaxial test which can be seen in experimental investigations [5]. For the description of the material
behavior of the GEBA fine sand the Ehlers soil model of section 3 is used. The associated material
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Figure 8: Side view and front view of the direct shear test with a rough surface

parameters are given in table 1. On top of the test apparatus a variable surface pressure is applied.
Furthermore, the soil specimen and the block of steel are fixed in the horizontal direction. In order to
avoid tension within the soil specimen on the side where the tangential displacement is applied a pressure
of p1 = 0.5 kN/m? ensures positive stress values within the soil (figure 8). For each projection concept
a series of different vertical pressure loads is investigated. In order to compare the reproducibility of the
continuum behavior at the contact surface all the results are compared with the same direct shear test
where now one layer of continuum elements is located in between of the two plates as can be seen in
figure 9.

Figure 9: Finite element mesh of the contact case (left) and of the continuum case with one layer of
elements between the two bodies (right)

Comparing the force distribution along the sliding distance a different behavior is obvious (figure 10).
In the interface element during the phase when the pressure is imposed a plastic response behavior can be
observed already. In the contact model only stick occurs in the first loading situation. Hence the evolution
of the hardening behavior starts not before sliding and then in a more moderate fashion. The Lode angle
is not exactly zero in the case of dilatancy or contractancy and leads to a small under-prediction of the
stress in normal direction although dilatancy was included in the formulation. Additionally, it can be seen
from figure 10 that the change of the height of the interface element has not a strong influence on the final
result. Only the peak behavior is slightly different at the onset of sliding. Nevertheless the distribution
of the final friction angle as well as of the final tangential force over the normal pressure are qualitatively
in a good accordance as can be seen in figure 11. Beside the possibility of arbitrary large relative
movements between the soil and the structure another advantage of the projected contact formulation
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Figure 10: Comparison of tangential (left) and normal force (right) versus sliding distance at a constant
pressure of 100 = kN/m?
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Figure 11: Comparison of tangential force (left) and friction angle (right) versus normal force

is the reduction of the CPU time with a factor of 10 compared to the corresponding computation of
the continuum model. As a final remark, all computations of the contact case are conducted with the
parameter d; = 0.01 m in (44).

Remark: Comparing the tangential force distribution of the projected contact formulation (figure 10)
with the outcome of a triaxial test (figure 12) the results are qualitatively pretty close. The accordance
can be explained with the similar evolution of the hardening parameters in both cases which is different
to the corresponding behavior in a direct shear test. Looking at the normal-tangential force distribution
of figure 11 the cap structure of the underlying yield criterion cannot be reproduced. The projected slip
rule (46) and the yield criterion (27) have four roots on the axis of the normal force and on the space
diagonal, respectively. However the domain is only defined between the inner two roots. Hence for values
beyond the inner roots a unique back-projection onto the slip line can not be guaranteed anymore. A
detailed explanation of these implications can be found in [20].

5 Projection based on a stress dependent coefficient of friction

Many frictional contact models are based directly on Coulomb’s law where the specific slip behavior is
included within the coefficient of friction leading to a function of u that depends for instance on the
temperature, the pressure, the contact velocity or the surface roughness. A model based on a pressure
and velocity dependent coefficient of friction can be found in [45] and a model for p designed for soil-
structure interactions is formulated in [3] which introduces many new material parameters. More detailed
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Figure 12: Finite element mesh of the triaxial test (left) and corresponding shear stress (right) during
loading in vertical direction with a cell pressure of 100 kN/m?

descriptions of different frictional formulations can be found in [16] and the references therein. Based on
this idea a new concept of projecting plasticity models onto the contact surface is developed so that the
coeflicient of friction and the also the normal contact stress depend directly on the 3-dimensional stress
tensor. The formulations are set up exemplary using the Mortar method, as described in section 2, but
can also applied to all kinds of contact formulations and solution methods. Coulomb’s slip rule modifies
then to

fO=ltrantill + (0 ani1) tu (Gani1) =0. (54)

5.1 Projection scheme

As mentioned in the previous section contact can also be considered as shearing with load on top (figure
13). Instead of relating the continuum stress invariants to the contact stress as described in section 4

N Vb vy

| | 'lh

Figure 13: Equivalence of sliding and shear
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the continuum kinematics are now expressed in terms of the contact quantities. In the case of a penalty
regularization the tangential stress

173”|:An+1 = —Cr [gTA n+1 — ggA n+1] (55)

is given by the difference of the actual and the plastic slip distance multiplied by a penalty parameter.
In standard contact algorithms the actual slip distance is computed by an integration of the slip velocity
over time. Mostly the finite difference method is applied and the actual slip distance follows as the sum
of the previous slip distance and the actual increment

tnt1
gTA n+1 — / gTdT = l:gTA’n-‘,—l - ggﬂAn+1] + gTAn~ (56)
to
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where g9 4, is the tangential distance of the previous integration point, see also equation (16). The
tangential penalty parameter can be chosen arbitrarily and hence it can also be assumed to depend on
twice the shear modulus p divided by an intrinsic virtual height. If the height approaches zero the penalty
parameter approaches infinity which verifies the proposed approach. The actual tangential contact stress
can now be reformulated

_ 1 _ 2
trant1 = —2 ,UE [gTAn+1 - ggAn_:,_l] y Cr = Tﬂ (57)

The second term corresponds exactly to the negative shear strain of the contact layer, see also figure 13.

1

m [(gTaA ntl = Graa n+1) + gTaAn} (58)

E3aAn+1 —
Since the Mortar method is used the tangential sliding has also to be divided by the area (45) of the
slave node A. The negative sign of the tangential gap values in (57) can also explained by means of a
different direction of the difference vector in the case of contact compared to the shell theory, see [20] for
more details. At the contact layer the membrane strain is assumed to be zero which follows also directly
form the connection between contact and shell theory [20]

EaBAn+1 = 0. (59)

As mentioned in section 4, the dilatancy effects can not be reproduced directly within a contact formu-
lation and an alternative form has to be used. However the normal stress resulting from the enforcement
of the non penetration condition which is here the Lagrange multiplier has to be equal to the normal
stress at the contact layer

0334041 = ANAntl- (60)

Using a linear elastic stress strain relationship the elastic strain in the normal direction can be reformu-
lated in terms of the Lagrange multiplier and the elastic normal strains

033An+1 A
E53Ant1 = Y+ ;M Nt 2p [g(ilArH»l + €S2An+1} (61)

where the elastic normal strains are exactly the negative of its plastic counterpart. The stress strain
relationship modifies in Voigt notation to

011 An+1 cin ez 0 0 0 €11 Ant1 1
022 Ant1 22 ci1 0 0 O €52 Ant1 1 -

Tant1=| 0124n+1 [ =| 0 0 p 0 0 2ef9an41 | T | O | c33Anansr. (62)

023 An+1 0 0 0 pu O 2653 Ant1 0

013 An+1 0 0 0 O 1% 28‘;’314"_’_1 0

The new coefficients in (62) can be derived directly from equation (61)

202 4 Ay + 4p? 222 + 2\p A

11 = y G2 = —~V -, (33= (63)
A+2p A4+2p A+2p

Together with the nodal plastic strain at the previous time step all quantities are known and can be
used within a 3-dimensional plasticity routine delivering the actual continuum stress and the material
tangent at that contact node. Due to the known normal stress component the 3-dimensional material
routine has to be modified slightly, but the solution algorithm remains the same. The final step in the
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overall algorithm is the computation of the nodal coefficient of friction. Based on the analogy of the
Coulomb friction law and the Mohr-Coulomb yield criterion (35) the coefficient of friction

\V IISA n+1COS@A n+1 ‘
1 [Tsa .
gIo'A n+1 — %MSIHGA n+1

as well as the normal stress component follows directly from the invariants of the actual stress tensor

tnAnt1 = gIO'AnJFl —1/ %Sln@Arnﬁkl. (65)

In an elastic response of the underlying 3-dimensional soil model the coefficient of friction is assigned

HAnt1 = |tan | arcsin (64)

as zero. Now the standard return mapping algorithm for Coulomb’s law can be applied, see [16] for
more details. Formulating the trial value analogous to (43) the actual tangential stress can be computed
directly in dependence of Coulomb’s slip rule together with the actual coefficient of friction

stick : tra n+l = EEFTA n+1 if pan1=0
: z - (R (66)
slip : tTAn+1:/u‘An+l‘tNAn+1|||—T7n+l

W] PAmn 70
T n

As a remark, the computation of the 3-dimensional stress can also be used to compute the missing Lode
angle within the projection scheme of section 4.

5.2 Projection of Ehlers soil model

Since the normal stress component is already known within the computation of the virtual 3-dimensional
stress at the contact layer only the residuum of the stress vector has to be modified within the solution
algorithm of the pure continuum case

= D t Ogn+1 "B\
OAn+1 — De €Xn+1 — YAn+1 ag.AI+1 - 0331ANAn+1

Rn+1 - hAn+1 - hAn - 7An+1gfzn+1 =0 (67)

f (UA n+1, hA n+1)

where ]56 is the modified elastic tangent given in (62). For the computation of the hardening values

8gn 1 8gn 1
d +1 +

ggn—&-l = (hmax - hAn-‘rl) [CZ 'EELIII/QTH_1 + Cy, 90 10t _ gtr
n

and for the yield surface the same relations as for the continuum case can be used. Only the stress

consists now of two parts o4 nt+1 = 6(TAnt1, ANAnt1)-

5.3 Numerical direct shear test

For the evaluation of the second projection scheme the same investigations using the same direct shear
test as in section 4.3 are conducted. The height of the contact layer is assumed to consist of 10 mm
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Figure 14: Comparison of tangential force (left) and friction angle (right) versus normal force

corresponding to 2-3 times the average grain diameter of GEBA fine sand. This height is imposed directly
within the continuum simulation using standard elements at the interface and considered intrinsically
within the projection scheme. Comparing the final tangential force and the final friction angle of different
normal load levels (figure 14) both distribution shows the same outcome. The tangential force of the

12 10
g =
o . =,
8 [0}
o o
5 6 2
c 3 o : : : .
e = 2 p — Projection Friction Angle
0 - Interface Element 0 - Interface Element
0 1 2 3 4 5 0 1 2 3 4 5
Displacement [mm] Displacement [mm]

Figure 15: Comparison of tangential (left) and normal force 8right) versus sliding distance of the first 5
mm at a constant pressure of 100 = kN/m? (right)

interface element and of the projected contact formulation end up both with the same force and shows
a hardening peak (15). Only the height of the peak and the time when it occurs are different. The
same holds for the normal force distribution (15). However replacing the upper specimen by a block
of steel and comparing the distributions of the tangential and normal force both outcomes are almost
equal (figure 16). The reason for the good accordance is the small normal strain in direction of sliding
(611 =~ 1079) due to the stiffer upper block which conforms to the assumption made in (59). In the
soil-structure example this normal strain is around €17 ~ 1073 and can not be disregarded anymore. As
well as for the projection scheme in section 4 the CPU time of this projection method is also around

10 times less as for the pure continuum case with interface elements in between of the upper and lower
specimen.

6 Conclusion

In this work two different projection methods were developed each able to integrate plasticity models
into a contact formulation. The first concept exploits the natural relation between Coulomb slip rule and
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Table 1: Material data for GEBA sand

Mohr-Coulomb yield criterion to establish a connection between the stress invariants of the continuum
and the contact quantities normal pressure and norm of the tangential stress. To model dilatancy effects
properly a new dilatancy stress component was introduced that is able to consider a normal back-
projection in the return mapping algorithm. Since the Lode angle is not zero in the case of dilatancy or
contractancy effects, the first projection scheme underpredicts the real stress at the contact surface. If
both bodies are sticking together the response behavior is only elastic. However in the continuum case a
plastic response is also possible if the relative movement of the two bodies is only small. Both phenomena
reason the slightly different outcome of the first projection concepts compared to the interface element.

The second projection concept has the advantage of a direct implementation of the plasticity model
into the friction equations and constitutes a very robust algorithm. On the other hand the introduced
height of the contact layer leads to an additional parameter which has to be determined. Since within
soil-structure interactions the height of the contact layer corresponds to the height of a forced localization,
a value of 2-3 times the average grain diameter is a reasonable approach. As shown in the results of the
direct shear test, if the two specimens in contact are stiff enough that only very small membrane strains
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occur, this projection scheme can reproduce the continuum behavior almost exact.

Additionally, as can be seen from the examples, the outcome of the triaxial test differs from the
corresponding distribution of the direct shear test using the Ehlers soil model. The back-projection
algorithm can also not deliver feasible results, if the normal pressure is too large or too small due to the
double roots at the limits of the slip line.

In this work both projection concepts were applied only to soil-structure interactions, but they can be
seen as a generic scheme able to describe all different kinds of contact phenomena. The modeling process
of contact cases where the temperature has to be considered, like the heat transfer or the frictional
heating, can be improved by this methods. Using a proper fluid description also lubrication effects
can be modeled by this schemes to name only a view possible applications. Another advantage of this
methods is that they can be used with all different kinds of contact formulations and solution methods.
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